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Abstract

In numerical linear algebra, a well-established principle is to choose a norm that ex-
ploits the structure of the problem in hand in order to optimize accuracy-computational
complexity trade-off. In numerical polynomial algebra, a single norm (attributed to
Bombieri and Weyl) dominates the entire literature. This article initiates the use of L,
norms for numerical algebraic geometry, with an emphasis on L.,. This classical idea
yields strong improvements in the analysis of the number of steps performed by nu-
merous iterative algorithms. In particular, we exhibit three algorithms where, despite
the complexity of computing L.-norm, the usage of L,-norms substantially reduce
computational complexity: a subdivision-based algorithms in real algebraic geometry
for computing the homology of semialgebraic sets, a well-known meshing algorithm in
computational geometry, and the computation of zeros of systems of complex quadratic
polynomials (a particular case of Smale’s 17th problem).

1 Introduction

It is common in numerical linear algebra to chose a matrix norm to exploit the structure
of the problem at hand and optimize computational efficiency. In numerical polynomial
algebra, however, a norm introduced by Weyl [54] dominates the entire literature. Two
features of this norm explain this omnipresence: Firstly, the cost of computing it (assuming
dense or sparse representation of the involved polynomials) is optimal. Secondly, it is
unitarily (respectively orthogonally if we consider real polynomials) invariant.

In this paper we initiate the use of L, norms in numerical algebraic geometry with a
focus on an L..-norm. We should say from the outset that, currently, we don’t have an
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efficient way to approximate || ||oo. For polynomials in n + 1 homogeneous variables whose
degrees are bounded by D our current fastest algorithm doing so takes time polynomial
in D and exponential in n. The computation of || ||o, amounts, however, to a polynomial
optimization problem and efficient algorithms exist for particular classes of polynomials.
This is the case e.g., with sums of squares [38, 9], sparse polynomials [30, 20], and other
structures [5]. Unrestricted efficient algorithms cannot be expected to be designed because
it is well-known that polynomial optimization reduces to the feasibility problem over the
reals and the latter is NPgr-complete. The fact that for most applications we only need a
coarse approximation of || ||, however, allows for some optimism.

The major claim of our paper is that, notwithstanding its generally high cost, the use
of the co-norm reduces the number of iterations in various numerical algorithms and, in
some cases, achieves a reduction in total complexity. To show this, in a nutshell, we define
a version of the relevant condition number that scales with || || instead of with the Weyl
norm and show that the condition-based complexity estimates obtained with these new
condition numbers are essentially the same as those obtained with the original ones.

Then, we eliminate the occurrences of condition numbers in the cost bounds via con-
sidering random data: here is where the complexity reductions take place. The reason
behind these reductions lies on the value of the norm itself for Eandom systems f. In this
context, and whereas for the Weyl norm we have || f||w ~ ("T@D) 2 for the co-norm we have
Il flloc ~ v/nlogD. This drop passes to the condition numbers defined via || || (instead
of || |lw) and, eventually, to the complexity estimates. We show this for a few algorithms
in three different settings.

Firstly, in § 4.1 we consider a family of algorithms, we refer to them as grid-based, that
solve various problems in real algebraic and semialgebraic geometry. The best numerical
algorithms for these problems have exponential complexity. In §4.1| we replace the Weyl
norm by || |l in the design of one such algorithm (to compute Betti numbers) and
in §4.3] we show a decrease in its complexity. This has no extra cost because there is
only one norm computation and it is done, so to speak, along the way. The gain in the
reduction of the number of iterations thus directly yields a reduction in total complexity
(see Corollary [£.29).

Secondly, in §4.2] we consider the Plantinga-Vegter algorithm as it is described and
analyzed in [22]. Again, replacing the Weyl norm by || || in the algorithm’s design results
in a gain in efficiency.And again, the computation of || || is not a burden as it done
only once and its cost is dominated by that of the rest of the algorithm. The Plantinga-
Vegter algorithm is usually considered with n = 2 or n = 3. Remark exhibits the
improvement achieved on average complexity for these two cases. For larger values of n
the improvement is more substantial. (see Remark .

Thirdly, in Section [5] we consider the problem of computing a zero of a system of
complex quadratic equations. For this question, a particular case of Smale’s 17th problem,
we consider the algorithms proposed in [8, 12] and, again, we design versions of them
where the Weyl norm is replaced by || ||oc. Again, this results in a small, but measurable,
gain in efficiency (from n” to n%87). A crucial fact to achieve this is that, even though n
is general, we can find an efficient way to compute || ||« using the fact that D = 2.

In all three cases, we are able to show a clear reduction on the expected number of
iterations of some iterative algorithm. We believe that this is a common pattern; Theorem
is a case in point. But, in general, this reduction does not immediately translate into
a reduction in total complexity. This puts the focus on the search for efficient algorithms
to approximate || ||oo -note that our setting allows rough but fast approximations-, and on



the complexity and accuracy trade-off by using numerous L,-norms.

Before showing the results above, in Section [2| we define the norms we will consider in
the paper, work out various examples with the goal of providing a clear understanding of
the differences between these norms and the Weyl norm, and prove several properties for
them. Then, in Section we define L,-norm versions M and K of the well-known condition
numbers finorm and x (for complex and real problems, respectively) and prove that the
main properties of pinorm and x —those allowing them to feature in condition-based cost
estimates— hold for M and K as well.

We conclude the paper, in Section [6] with a minor digression. Because a natural
habitat for functional norms are spaces of continuous functions we consider extensions of
the real condition number x to the space C'[g] := C'(S",R?) and we prove (somehow
unexpectedly) Condition Number Theorems for these extensions. We do not analyze algo-
rithms here. We nonetheless point out that substantial literature on algorithms on spaces
of continuous functions exists [52, [45], 43] where these theorems might be useful.
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2 Norms for polynomials

Let F be either R or C. Let also n,d € N, n,d > 1. We denote by HSD] the linear

space of homogeneous polynomials of degree d in the n + 1 variables Xy, X1, ..., X, with
coefficients in F. Let d = (dy,...,d;) € N? and n € N as above. We denote by H[q]
the space 7—[51[1] X e X ’ng[l]. If F is clear from the context, or if it is not relevant

to the argument, we will omit the superscript. We will use the following conventions for
dimension counting:

N; ;:< 0 >:d1m]y7-£gi[1] and N::;< 0 )zdlmFHE[q]-

We also use D := max{dy,...,d;} and denote by A the ¢ x ¢ diagonal matrix with d; in
its ith diagonal entry.

In all what follows, S* := {x € R""! | ||z|| = 1} will be the (real) n-sphere and
P := C"*!/C* the complex projective space of dimension n. We note that there will
be no ambiguity, as the sphere is the usual space to work with real polynomials and the
projective space the usual one for complex polynomials.

Remark 2.1. In what follows, we will write z € P™ instead of [z] € P" and we will assume
that the representative z € C"*! always satisfies ||z|| = 1. This simplifies the form of
many of our definitions. This convention can be made w.l.o.g. as every point in P" has a
representative of norm 1.

2.1 Euclidean norms

The simplest norm considered on 'H%[q] is the one induced by the standard Euclidean
inner product in monomial basis. Every f € 7—[5[1] can be uniquely represented as

F=Y faX° (2.1)
|a|=d
where a = (ag, ..., a,) € N*™ and |a| = ap+- - - +ay. The norm induced by the standard

Euclidean inner product is therefore

Ifllsta == [ Y Ifal
|a|=d

For f = (fi,..., fq) € Halg] the norm extends as || f[1%q := [ f1llZa + - + [l follZa-
The most commonly used norm on Hg4[q] is the Weyl norm. For a polynomial as in ([2.1)),
this is given by

= | 3 () e

|a|=d



where (g) is the multinomial coefficient ﬁ Again, for f € Hg[g] this extends by
I f11Z = I filll + - + I f4]l%- The Weyl norm is also induced by an inner product, and
this inner product is invariant under the action of the unitary group (respectively the
orthogonal group when the underlying field is R). It is straightforward to check that, for
f € Haldl,

d;
< < .
1£1hw < o < e e ()1

Here, and in all what follows, for any z € S™ and f € Hglq], Dy f : T,S™ — RY is the
derivative of f at x restricted to the tangent space T,S™ of S™ at x. A similar convention
applies in the complex case replacing S and T,S™ by P" and T,P". The following property
(see [13, Prop. 16.16]) is one of the most important properties of the Weyl norm from the
viewpoint of the complexity of numerical algorithms.

Proposition 2.2. For all x € S™ the map

Halg] > frevyf = (f(x),A_%Dxf)

is an orthogonal projection from Hq|q] endowed with the Weyl norm onto R? x T,S™ ~
RYT™ equipped with the standard Euclidean norm. An analogous statement holds in the
complex case. O

2.2 Functional norms

We will consider functional norms that arise from evaluating polynomials at points on the
sphere. One might consider other norms (as we do in Section @, but Ly,-norms suffice for
obtaining the computational improvements we aim for.

We will consider the two following classes of L-norms on Hg[q]:

(R) Real Ly-norm: For p € [1,00],

max || f(2)||co = maxmax |f;(z)] if p=o0
rES™ zeS™ i

Hf”;lf = , 1/p q , 1/p '
(& @) - (ES (;mw)\ )) otherwise

where the expectations are taken over the uniform distribution of the n-dimensional
sphere S” C R"+1,

(C) Complex L,-norm: For p € [1,00],

max | f(2)llo, = maxmax|f;(2)| if p = oo

I£1S = N oy |
(. 1re) = ( E, (Z 52 )) otherwise

where the expectations are taken over the uniform distribution of the the complex
n-dimensional projective space P" := P¢.



In general, we will omit the superscript when the context is clear. It will be common
for us to work with the norms || || in #[g] and the norms || || in Hg[q]ﬂ

Our definition has some arbitrary choices. These are motivated by the following two
properties:

(D) For p € [1,00] and f € Halql,
715 = [ (Al )| amd 015 = || (AN 1) |

This commutativity is why we take the p-average of the p-norm of f(z) instead of
taking the p-average of a fixed norm.

p

(I) We have actions of the gth power of the (real) orthogonal group, &(n+1)?, on Hx[q],
given by (A, f) — (fiA") := (fi(4;X)). Similarly, we have an action of the gth power
of the unitary group, % (n + 1)?, on Hg[q]. The norms || | and || |5 are invariant
under these actions.

We perform some simple computations to have a better grasp on the introduced norms.

Ezample 2.3 (Monomials). We consider the value of the norms for a monomial X € H4[1]
of degree d. In this case we have that for p € [1,c0),

1 i+1

P (254 T T (P25
ST (pd+2n+1>

where I' is Euler’s Gamma, function, and that

el = xS = (%)% -

=0

1
I3

r (% +n+ 1)

p
. ) ¢
X, = and | X]|; =

For the calculations of L,-norms of monomials we refer the reader to [33]. Although the
calculation is only illustrated over the reals in the reference, the complex case is similar.
For the second one, note that for monomials real and complex co-norms are equivalent.
Once this is clear, we are just using the method of Lagrange multipliers to compute the
maximum over the sphere.

Ezample 2.4 (Linear functions). Let 1 = (1,1,...,1) € N? and f € Hq[g]. Then f can be
identified with a matrix A of size ¢ x (n + 1). We can see that

— ap IAZ oo
2,00 +— sup
240 |12

[ flleo = 1A

where || ||2,00 is the operator norm where the domain vector space has the usual Euclidean
norm || ||2 and the codomain the oco-norm || ||sc-
For p € [1,00),

1115 = 1 Xollp (1A 2, - - [1A%12) [, and [1£1l5 = [ Xolly (1A l2: - -, [1A7]|2)

I, I,

where A’ is the ith row of A and Xy is a variable (and hence ||X0||g is given by the
expressions in Example . Note that || (|42, ..., [|49]2) Hp is just the p-norm of the
vector of 2-norms of the rows of A.

'Observe, however, that the || || are also norms for H3[g] since a complex homogeneous polynomial
cannot vanish on the real sphere without being zero.



Ezample 2.5 (Sum of squares). Let f:= " X2 € Hz[1]. As this function is constant on
the real sphere, we have that for all p € [1, o],

IFlly = 1.

However, on P", f does not behave as a constant function as it has a positive dimensional
zero set. Again, arguing as in [33], we can conclude that

1 ! 2
1915 = (e g [ LGP )

for p € [1,00). Now, if p is even, we can obtain the expression

2 —1 2 2 —1
IFIE = (”;) > @) (;;) |
aeNntl
lo|l=p/2

3=

[NJiS)

after writing |f(2)|P = f (2)5 f(2)?, expanding and using separation of variables. In par-

ticular, for p = 2, we obtain that

2
C
=4/ ——#1.
715 = /= #

This shows how the norms || ||S may be smaller than their corresponding norm || || for
p € [1,00).

Ezample 2.6 (Cosine polynomials). Let d > 2 and consider the family of homogenous
polynomials

|d/2]

d 1 1

Cgi= ) <2k> (—1)kxd=2ky2k — 5 (X + i)+ S (X - i) e Hall].
k=0

Since ¢g4(cos 0, sin @) = cos df, we have that
leallse = 1.
Also, ¢4 is unitarily equivalent to 2%_1(X 4+ Y. Hence
lealS =257,

since | X+ Y?||S =1 for d > 2. This shows that for degrees d > 3, the norms || ||¥ and
| |, disagree on real polynomials.
The following proposition lists simple inequalities between the functional norms.

Proposition 2.7. Let 1 < p < p/ < o0 and F € {R,C}. Then for all f € Hj[q], the
following inequalities hold:

1 F 1 F F C
—Iflly < = Iflly < Ifllse < £l
qr q”’



Sketch of proof. It is a direct consequence of the inequalities between p-means. O

The Bombieri-Weyl norm is essentially a scaled version of the complex Lo norm.

Proposition 2.8. Let f € H5[q], then

q
Il = 4| SN (1£:15)°
=1

In particular, for f € H5[1],
C C

11w = VNI £z 0
Sketch of proof. We only need to show this in the case ¢ = 1. Now, both the Bombieri-
Weyl norm and the complex Ls-norm are unitarily invariant Hermitian norms of ”HS. For
the Bombieri-Weyl norm, see [I3, Theorem 16.3]; for the complex Lo-norm, this is property
(I). Since H5 is an irreducible representation of % (n + 1), this means that the two norms
are equal up to a constant. Using Example with f = Xg, one can check that this
constant is v V. O

From Proposition [2.2) we get the following result.
Proposition 2.9. Let F € {R,C} and f € Hglq]. Then for all p > 2,

£l < I fllw-
Sketch of proof. For each x € S™,

1f @)y < [1f @) < 1 fllw
where the the first inequality is known and the second follows from Proposition O

We finish this subsection by noting how the L.,-norms relate to the Weyl norm. We
note that this is very related to the so-called best rank-one approximation of a symmet-
ric tensor [Il [55], and the inequality for the real case below was already present in [55]
Theorem 2.4].

Proposition 2.10. Let f € Hqglq]. Then
I£15% < Iflw < VN[ fII%-

If f € HE[q]. Then
1715 < Iflw < (n+1) 2 1 f e

Proof. The first part follows from Proposition 2.8 and 2.9] The left-hand side of the second
part uses Proposition 2.9

Now, for f € Hq[1], Corollarynlmphes that for each a, | fo| = Hai H < (;l) The
right-hand inequality follows from here. O

Ezxample 2.11. Proposition is alrnost optimal for n = 1. In [I], it was shown that for
the cosine polynomials ¢4 of Example 6| we have
d—1
leallw =277
and that ¢g is the real polynomial of real Ly, norm one with largest Weyl norm. Curiously,
in this case, the Weyl norm and the complex L, are almost equal, the former being the
latter times /2.



2.3 Kellogg’s Theorem

We will denote by D the operation of taking all partial derivatives with respect to all
variables, i.e., f + Df is a linear map Hqlq] — Ha_1[(n + 1)¢] and, for z € F*FL
D, f : F"*t! — 9 is a linear map. We will write D f, with capital X, to emphasize that
we view Dx f as a polynomial tuple in Hgq_1[(n + 1)g], and D, f, with lowercase z, to
emphasize that we view D, f as the linear map F"*! — F? defined at the point 2. We
also recall that D, f is the tangent map T,S™ — R? in the real case, and the tangent map
T,P" — CY in the complex case.

The following result plays the role of Proposition for the infinity norm instead of
the Weyl one. It is a reformulation of a well-known inequality proved in [36].

Theorem 2.12 (Kellogg’s Inequality). Let F € {R,C}, f € H}[g] and v € F*L, then
ERESS F
A" Dx foll o, < ISl

Corollary 2.13. Let f € Hi[q] and x € S™. Then

max {|[f(2)lloc, |A™ Do fll2.00} < [If5-
Corollary 2.14. Let f € HS[q] and z € P". Then

max 3 [f(2) e, [AT DSy 00 p < IS

00’ 212,00 [ = oo*

Remark 2.15. We note that the left-hand sides in Corollaries and are not optimal.
In general, we have that

— 1
A 1D fllo o = max \/ 1) + D fill3

The following examples show how the bound of Theorem looks like in a few
particular cases.

Ezample 2.16. Consider the cosine polinomials ¢; of Example A direct computation
shows that

gDXCdU =VUxCd—1 — VySd—1
where sg_1 1= _%(X-H'Y)d*l—i-%(X—iY) is the sine polynomial for which sg(cos 6, sin0) =
sin df.

In the real case, this gives

R

1
HDXch

pi = [lvll = lleallsllv1l,

[o.@]
using the Cauchy-Schwarz inequality. In the complex case, éD XCJU = UxCq_1 — Uy Sq_1 1s
unitarily equivalent to
d—1
273
d

{(vx —ivy) X 4 (v, + ivy)Yd_l} :



Now, H(Uﬂﬁ —ivy) 2?7 4 (vp + ivy)yd*H <V2||v||(Jz]4t + |y|¢) < |jv|| for d < 3 and v
real, when |z|? + |y|* < 1. Thus

C

od V2
pi = EIIUH = 7\|Cdll‘§ollvH-

1
HD X CqU
o0
This shows that the real version of Kellogg’s theorem is tight for ¢4, but the complex
version is not.

Ezample 2.17. The reverse situation is true for the polynomial Xg. One can see that

1 o | d,|C
HdDXXoeo = | Xl o

o0

Now it is the complex Kellogg’s theorem the one which is tight. We note, however, thalt
one might still improve Corollary For example, is it possible to substitute A by A2
in this corollary?

Remark 2.18. The examples here motivates development of a randomized Kellog’s theorem
that holds with high probability for random polynomials and has a tighter right hand side.

Proof of Theorem[2.13. We only prove the real case. The complex case is proven in an
analogous way (see [30], §8] for the complex version of the results we use in the real case).
By [36, Theorem IV], we have that for all 7 and all z € S”,

Dafiv| < dill fillsloll,

since D, f;v is the directional derivative of f at z in the direction of v scaled by its norm,
||v]]. Therefore for all z € S™,

_ 1
|AT D, fo]| = max —- ID.fv| < max Il ol = 1A ]l
T

Now, HAflﬁfoH]}i = maxgesn |A7' D, fv||ls by definition of || ||X, so we are done. [

Remark 2.19. We note that the application of [36, Theorem IV] using the scaling with
the diagonal matrix was not used in [3I, Theorem 2.4]. This can be used to improve by a
factor of the degree some of the bounds there.

Proof of Corollaries[2.13 and[2.14, We only prove Corollary the proof of Corol-
lary is essentially the same.

Recall that, by Euler’s formula for homogeneous functions,
ATD, fx = f(z). (2.2)
In this way, for € S, A € R and w € T,S" = z*,
A™D,f(Mx +w) = M (z) + A™'D, fw.

When Az +w = x, this expression yields f(x); and when Az +w = w, it yields A~!'D, fw.
In this way,

AID, f(A A~'D
max I of AT £ W) llos = max{!f(x)Hoo, max ‘IUHOO}
Ao+ £0 N2 + [Jw]2 vel,smo v

The left-hand side is bounded by || f||X, by Theorem and the right-hand side equals
max{|| f(z)|lcos |A™Dys f]]2.00 }- Thus the desired inequality follows. O

10



The following corollaries (which are closely related to [55, Theorem 2.1]) will be useful
later. For a real k-multilinear map A : (R™)¥ — RY, we define

A(vy, ...
e
’ V1,...,U, 70 HUIH T ||U/€||

(2.3)

We define HAHSOO for a complex k-multilinear map A : (C")* — C9 in a similar manner.
Note that, by the following corollaries and Example

C
o k_ R
= llerlle =277 > 1= Jlerlls, =

2,00

so for real A, ||A||]§oo and ||AHSC>o are not necessarily equal and can differ by a factor
exponential in k.

Corollary 2.20. Let f € 7-[]5[(]] and x € S™. Then, for all k > 1 and vy, ..., v, € R*1

1/D-—
BT ey [ R A

<RI

|17

In particular,

Corollary 2.21. Let f € ’Hg[q] and z € P*. Then, for all k > 1 and vy, ..., v, € C*1,

1/D—
IS Gy [T CT R

HATDLF], < RIS

Proof of Corollaries and[2.21. Both corollaries follow from Theorem by induc-
tion, followed by an application of Corollaries [2.13] and O

H lDfU17°"a k)

In particular,

Remark 2.22. Although the results in this section were proved only for || ||%,, some of
them can be generalized to other norms. For example, similar results can be obtained for
| |5 (see [47]) and certainly for other norms. We defer to future work the application of
these extensions to the analysis of numerical algorithms in algebraic geometry. We also
note that Kellogg’s theorem (in the form of Corollary can be generalized to smooth
real algebraic varieties other than the sphere (see [10]).

3 Condition numbers for the L. -norm

In this section, we will consider condition numbers that capture “how singular” an element
in Hglq] is at a point z € S”. We will define condition numbers and develop a geometric
understanding of them for the L.,-norms defined in the preceding section.

We define the real local condition number —of f € HE[q] at z € S"™— as

R
K(F.2) = JallfIg, -

I,

11



and the real global condition number —of f € H5[q]— as

K(f) = sup K(fy)- (3.2)

And we define the complez local condition number —of f € HG[q] at ¢ € P"— as
M(,0) = vall IS [Defial (3.3)

and the complex global condition number —of f € HG[q] (with ¢ < n)— as

M(f) := sup{M(f, <) [ ¢ € P", f(() = 0} (3-4)

Remark 3.1. By convention, we assume that ||Af|j22 = oo when A is not surjective. We
do this, as for A € C?*" surjective,

4], =t

where o, is the gth singular valuer. As the latter is continuous, this choice guarantees that
A ||ATH2_% is continuous.

We can see that K is a variant of the real local condition number x used in [24], 25] 26,
27, which is given by

k(f,x):= £ lw - and k(f):= sup k(f,y) (3.5)
JIF@I3+ [Desrarz|?, oo

for f € 7{5 [q) and = € S™. Also, we can see that M is a variant of the p-condition number
introduced by Shub and Smale [48], and given by

ul£.0) = | fllw [Dertarr?, (3.6)

for f € HS[g] and ¢ € P". We note that the main difference lie at the fact that we are
substituting the norms that we are using in the numerator for the polynomial tuples.
The fact that we use a different scaling factor (A'/2 instead of A) or different norms
in the denominators (|| ||« instead of || ||]2 and so on) does only have an effect up to a
v/2¢D factor, which does not affect complexity so dramatically. This will be made more
explicit in Proposition Note that despite these changes, we still have that the local
local condition numbers, K and M, become oo at a singular zero and that they are finite
otherwise.

The remainder of this section is devoted to prove the main properties of K and M,
which are the reason we have defined these numbers the way we did. The properties we
will show are those needed for a condition-based complexity analysis of the forthcoming
algorithms following the lines of [24 27, 14} 15| 16] (as shown in [50]) and of [I3 Ch. 17].
Because of this, the definition of our condition numbers does not raise from a geometric
approach as the one in [I3, Ch. 14], but rather from a complexity-centered approach in
line with the philosophies of [21] and [40].

12



3.1 Properties of the real condition number K

Recall (see, e.g., [13, Def. 16.35]) that for f € Hgqlq] and x € S™, the Smale’s projective
gamma is given by

1
=

1 —k
— T
k‘!Dxf D,f

v(f,x) ;= sup
k>2

where || || = || [|2,2 is the operator norm (with respect to the Euclidean norms) of a
multilinear map.

Theorem 3.2. Let f € H%[q] and x € S™. The following holds:
e Regularity Inequality: Either

£ (@)]] 1 R t
> or allfI% |Dasfa|| < K(fi).
ValFIE = Kfa) o VAl 2 S K53
In particular, if K(f, x)%l(ijfﬁl‘g < 1, then D, f : T,S" — RY is surjective and its

pseudoinverse (D, f)! exists.

e 1st Lipschitz property: The maps

Helg] — [0,00) and Halg) — [0, 00)
g5 g g5
K(g,z) K(g)

are 1-Lipschitz with respect the real Lo,-norm. In particular,

K(f,z) >1 and K(f) > 1.

e 2nd Lipschitz property: The map

S™ — [0,1]
1
K(f,y)

is D-Lipschitz with respect the geodesic distance on S™.

Y —

e Higher Derivative Estimate: If K(f,x) I#‘Tﬂy < 1, then

1(f,2) < 5(D — DK(f, 2)

We now discuss the role of the above properties.

Regularity Inequality. The regularity inequality guarantees that, when K(f, z) < oo,
either x is far away from the zero set of f or D, fT exist and is well-defined. The latter
is important, because it allows us to do various geometric arguments that rely on this
pseudoinverse being defined or, equivalently, on D, f being surjective.

1st Lipschitz Property. The main use of the 1st Lipschitz inequality is to control
the variation of K with respect to f. This property implies that

IS 14 1]
U K(fa) <K (Foa) < e K(f2)  (37)

7L [l
s s (f:2) e

‘ R
je's)

13



[

(i < 1. The latter gauges how K of an approximation of f relates

17115
to K of f. We note that the error for f entering this bound is relative.

2nd Lipschitz Property. The 2nd Lipschitz property allows us to gauge the variation
of K with respect to x. In this sense, it is very similar to the first Lipschitz property and
it implies that

whenever K(f,z)

1 1

1+ K(f, z)distg(z, T) K(f,o) < K(1,2) < 1 — K(f, x)dists(x, T)

K(f,x) (3.8)

whenever K(f, z)dists(x,Z) < 1. Note, however, that in this case, the relative error for x
does not play a role as the points we consider lie on the sphere.

Higher Derivative Estimate. Smale’s projective gamma, (f,(), controls many
aspects of the local geometry around a zero ¢ of the function f. Notably, in the case
q = n, the radius of the basin of attraction at ¢ of Newton’s operator Ny associated to f.
Recall (see [13], Def. 16.34]) that we say that x € S™ is an approzimate zero of f € Hqn]
with associated zero ¢ € S™ when for all k > 1,

2k—1
ds(N},¢) < (;) ds(z, C).

We have the following result (see [13, Thm. 16.38 and Table 16.1]).

Theorem 3.3. Let f € Hg[n] and ¢ € S" such that f(¢) = 0. Let z € S™ be such that
ds(z,¢) < % and ds(z,¢)y(f,¢) < 0.17708. Then, z is an approximate zero of f with
associated zero (. O

The computation of «(f,z) appears to require all the derivatives of f. The Higher
Derivative Estimate allows one to estimate v(f,z) in terms of the first derivative only.

Proof of Theorem[3.4. Regularity Inequality. By definition,

N 11C5) 1 |
K(f2) ValTIE ValFTE 0. /T,

Hence either K(}’m) = %fﬁ%{) or K(f,z) = allfI% HDxfTAHz,zv which finishes the proof.

1st Lipschitz property. We have that

ol _ {Hg(w)\l % (AlDw)}

~

(g,2) Vi Va

Hence, we only need to show that g — [|g(z)||//q and g — o4 (A™'Dyg) /\/q are 1-
Lipschitz. Now,

’Hg(:r)\ N Hé(w)ll‘ < g =9) ()]
Vi va l— v

by the reverse triangle inequality, || || < ,/q|| ||cc and the definition of the real Lu-norm;
and

0g (A™'Dyg) o4 (A7'DLg)

Vi Vi

<lg=3) @)oo < g~ 7l

|A™D, (g
<
- Vi

Sl _ _
22 < ||ATD, (9~ §)]| o n llg — d115

14



by the fact that o, is 1-Lipschitz with respect || [|2,2, || || < 1/4] ||co and Kellogg’s Inequality
(Theorem . Thus our claims follow.

The claim for g ~ [|g||% /K(g) follows from the fact that the supremum of a family of
1-Lipschitz functions is 1-Lipschitz and from

- S—r
Klg) ~ v K(g.2)

For the lower bound, just note that

AR | IR Jlol®, .
K(F.2) ~ |K(f,a) K(O,x)] <1 - ol% = I£I%

by the proven Lipschitz property, and so K(f,z) > 1. Similarly with K(f).

2nd Lipschitz property. Without loss of generality, assume that ||f||% = 1, after
scaling f by an appropriate constant —note that this does not change the value of K—.
Let y,y € S™ and u € O(n + 1) be the planar rotation taking y into y. Then

'Kulf,y) - Kol:g)‘ B ‘Kol:y) - K(flu,y)

where f* := f(uX) and where the equality follows from the fact that the Loo-norm is
orthogonally invariant along with the inequality from the 1st Lipschitz property.
Now, arguing as when proving the 1st Lipschitz property, we have that for all z € S™,

|f(2) — f(uz)| < Ddists(z, uz).

' < - FUIR,

By the choice of u, we have that distg(z,uz) < distg(y, 7). Therefore ||f — fU||IX <
D distg(y, ¥) and we are done.

We note that a variational argument showing that both y — |lg(y)||/\/q and y
0q(A™'Dy f))/\/q are Lipschitz is possible. This argument would be almost identical to
the one used for proving the 1st Lipschitz property, but varying the point in the sphere
instead of the polynomial. We use the above argument since it is simpler and it gives a
slightly better bound.

Higher Derivative Estimate. Again, without loss of generality, we assume that
IfI® = 1, since multiplying f by a scalar affects neither the value of K nor Smale’s
projective gamma. Then

A~

H;!DxﬂDﬁf ‘ < |p.sia], H,def

(Inequalities for operator norms)
2,2

AT
= \/aHDIfTAHM H k! D
) . 2

A_l
v

I/va <l oo

IN

K(f,z)||==—Dbf

(Assumption + Regularity Inequality)

2,00

() (Corollary 2.20)

IN

Taking (k — 1)th roots, we have that K(f, 3:)ﬁ < K(f,x), since K(f,z) > 1 by Corol-

lary [2.13; and that
1
1/D-1\\*1T D-1
- Q——
E\k—-1 - 2

15



using that %(],?:11) < (D —1)*=1/2%=1 Putting this together, we obtain the desired bound

for Smale’s projective gamma. O

We state without proof the following proposition for the sake of completeness. In
Section [6] we will discuss other condition number theorems for variants of K and prove
the following proposition.

Proposition 3.4. Let f € HE[q] and x € S™. Then

115
distog (f, 25 . [al)

? T
2 o0
<K(f,z) <2 ;d distE (£, 5% [q))

and

17115

GtE (7, SR ~ ) =2

Zq: d2 &
2% G (7. 5E )
where dist® is the distance induced by || ||X,

Shlal = {g € Hilal | () = 0, rank Dyg < g}, and ¥Fla) = |J =5[]
zesn

3.2 Properties of the complex condition number M

In the complex case, Theorem takes the form of the following result, whose proof we
omit as it is identical to that of Theorem We do not consider a regularity inequality
for M since over complex numbers one usually has the luxury to only consider M(f, () for
a zero C of f.

Theorem 3.5. Let f € HS[q] and ¢ € P". The following holds:

e 1st Lipschitz property: The maps

HSlal — [0,00) » HSld > [0,00)
s lgllS g lgllS
M(g, ¢) M(g)

are 1-Lipschitz with respect the complex Ls,-norm. In particular,

M(f.¢) > 1 and M(f) > 1.

e 2nd Lipschitz property: The map

P" — [0, 1]
1
] =

K(f, )

is D-Lipschitz with respect the geodesic distance on P".

e Higher Derivative Estimate: We have

170 < 5 (D~ DM(£, Q) s

16



We finish with the following proposition, which combines the 1st and 2nd Lipschitz
properties of M, as it will play a fundamental role in our analysis of linear homotopy in
Section |5l We note that this proposition is to M what [13, Proposition 16.55] is for pu.

Proposition 3.6. Let f, f € H[q], ¢,{ € P" and ¢ € (0,1). If

: R )
M(f, <) maX{Wo,Ddistp(g,g)} < Z,
then

1

M0 <M (F.0) <1 +eM(£.Q).
Proof. Note that

1 _ 1 < 1 7 1 n 1 7 1
MULO M (7.0 MED m(F1q)| [M(F.¢) M(F.0)
For the first summand, we have

11 _ 1 - 1 B H ;7
M(f.¢) m (f, [CD M <ﬁ<> M <m [g]) IS 1S
by the 1st Lipschitz property of M (Theorem [3.5)). Now,

o0

~ ~ C ~ ~ C ~ C
foo AN A N N A R
IAS  IAS|, ~ IS IAS], (IS 1A%~ s

For the second summand, we have
1 1 1

W) MR m(rg| T

by the 2nd Lipschitz property of M (Theorem [3.5).
Hence, we have

1 1 2|l f = FIS, : >
< Ddistp(¢, ).
MO T w(rg)| T Ils TPEEd
By assumption, after multiplying by M(f, (), we have
- MEQ ) e
M (f.¢)] 2
and so, from
1—MSE and M(ff@ —1<5,
M(fC) "2 m(fg) 2
we get ) )
Since € < 1, the desired inequalities follow.
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4 Numerical Algorithms in Real Algebraic Geometry

There is a growing literature on numerical algorithms that address basic computational
tasks in real algebraic geometry such as counting real zeros [24 25, 26], computing ho-
mology of algebraic [27] and semialgebraic sets [I4] [I5, 6], and meshing real curves
and surfaces [44), [22]. These works rely on condition numbers to control precision, and to
estimate computational complexity of the algorithms.

In this section we show how the complexity estimates in these works are improved
by using the real Lo,-norm in the algorithm’s design. These improvements rely on three
observations:

1. The only properties of the real condition number x that are used in the complexity
analyses are those stated in Theorem the regularity inequality, the 1st and 2nd
Lipschitz properties and the Higher Derivative Estimate. As these properties hold
as well for K, an almost identical condition-based cost analysis can be derived when
we pass from the Weyl norm to the real Lo,-norm and from s to K. We showcase

this in and

2. When we consider random or semi-random input models, the gains in the complexity
estimates become more evident. In we show that the ratio of the new K to & is
roughly v/n/v/N for a random or semi-random polynomial systems. Since N ~ n?
forn > d and N ~ d" for d > n, this yields a significant reduction in the complexity
estimates .

3. Computing the Weyl norm is cheaper than computing the real L.,-norm, but this
does not affect the overall complexity: We only compute the L..-norm once, and
the cost of this computation is dominated by that of the remaining steps in real
algebraic geometry algorithms.

In what follows, we will focus on algorithms dealing with real algebraic sets. The
algorithms we have in mind are the ones in [24, 25, 26, 27] and the Plantinga-Vegter
algorithm [44] as described and analyzed in [23] (cf. [22]). Our condition number K as
defined in preceding section will improve the overall computational complexity of these
algorithms. Similar results can be obtained for the algorithms dealing with semialgebraic
sets in [14 [I5], [16] using following variants of K,

K(f) :== max {K (f") | L C[q], |L| <n+1}
where f¥ := (f;)icr and
Ki(f, B) == max {K (f*) | EC L C g, |L| <n+1}

for E C [q] —F indexes the polynomial equalities in the basic semialgebraic formula—
which are the natural extensions of

R(f) = max {r (/%) | L C ), |L| <n+1)

and
ki (f, B) = max { (f*) | ECLC[q], |L| <n+1}

used in [14 [15, [16]. We don’t delve into further details here as this would only add length
and technicalities without adding substance.
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4.1 A grid-based algorithm and its condition-based complexity

A grid-based algorithm is a subdivision-based method which constructs a grid to discretize
the original problem and solves the latter by working on the grid points only (selecting and
finding proximity relations between its points). The algorithms in [24] 25| 26], [27], and [14],
15, 16] (cf. [50]) are grid-based. Their basic structure is (simplifying to the extreme) the
following:

1. Estimate the condition number of the problem (with a sequence of grids of increasing
fineness).

2. Create an extra grid (if necessary), whose mesh is determined by the condition
number.

3. Select points in the grid and use them to obtain a solution to the problem.

In general, grid-based algorithms have complexity 2(D™). This fact allows us to estimate
the norm || f||% of the data f without affecting the overall complexity of the algorithms.
Moreover, the fact that K is smaller than  results in a cost reduction.

In this subsection, we focus on an algorithm for the computation of the Betti numbers
of a spherical algebraic set. This covers the case of counting zeros of a square polynomial
system treated in [24] 25, 26] and the computation of the Betti numbers of a projective
real variety [27]. For simplicity of expositions we omit some computational aspects: 1)
The presentation we do of the algorithms follows the paradigm of construction-selection
of [14}, [15] [16] instead of the one of inclusion-exclusion of [24, 25| [26] 27]. This makes easier
the exposition of the algorithms without compromising their complexity. 2) Our focus on
Betti numbers to avoid describing the more involved computation of torsion coefficients
in the homology groups. 3) We deal with neither parallelization nor finite precision. The
interested reader can find the details about this is the cited references.

The backbone of existing grid-based algorithms in numerical real algebraic geome-
try [24], 25, 26] 27, [14], 15, [16] is an effective construction of spherical nets. The basic
construction was done originally in [24] and it is based on projecting the uniform grid in
the boundary of a unit cube onto the unit sphere.

Recall that a (spherical) d-net is a finite subset G C S™ such that for all x € S",
dists(z,G) < 0. We will omit the term ‘spherical’ as all the considered nets are spherical.

Proposition 4.1. There is an algorithm GRID that on input (n,k) € N x N outputs a
2=%_net G, ¢ S"™ with

G0l = 0 (o).
The cost of this algorithm is O (2m108™+nk), O

Although the grid construction in Proposition [4.1] has been used in the cited references,
it’s not optimal. The latter is due to the 278" factor in the estimates. An algorithm that
can construct such a spherical 2 ¥-net of size 20 2k(n+1) i 20 2k(n+1)_time was given
in [2, Theorem 1.9 (1)]. The main reason to use the sub-optimal result of Proposition
is to focus on the effect of just changing the norm and doing fair comparison between the
old and new versions of the algorithms. The reader who prefers to have an optimal result
in memory can neglect the log(n) factors in the exponents and assume the mentioned near
optimal grid construction is being used.
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4.1.1 Computation of | ||¥
The following is an easy consequence of Kellogg’s theorem.

Proposition 4.2. Let f € HE[q] and G C S™ a §-net. If D§ < 1, then

max |.f(2)[lee < 17115 < max | f(2) oo

1— D252 e
Proof. We only need to show the right-hand inequality, the other being trivial. Without
loss of generality, assume that ¢ = 1, i.e., f is a homogeneous polynomial of degree D.

Let x, be the maximum of |f| on S", z € G such that dists(x.,z) < § and [0,1] >
t — x; the geodesic on S™ going from x, to z with constant speed. Then, for the function
t = M(t) == f(z;), we have that |M(1)] < [M(0)] + | M'(0)| + max,ci.1 252 by Taylor’s
theorem. Furthermore, |[M(0)| = |f(z«)| = ||fI%, |[M(1)| = |f(z)| and M’(0) = 0. The
latter is due to the fact that z, is an extremal point of f and so of M. Now,

M"(t) = Dy, f (e, ) — D f () dists (., )2,

since #; = —distg(w«, z)%x¢, as 2, is a geodesic on S of constant speed dists(z«, ), and

Dy, f(x;) = Df(2;) by Euler’s formula (2.2)). Then, by Corollary

|M"(s)| D B D yr _D? g
< g .
R D2 R 2 . . .
Thus || fl& < |f(@)] + 5| fllscd”, and the desired inequality follows. O

Remark 4.3. Note that this is an improvement of [31, Lemma 2.5] in which we improve
the relation between the fineness of the grid and the precision of the computed estimation
of the maximum.

Proposition suggests the following algorithm, whose complexity is given in Propo-
sition [4.4] below.

Algorithm 4.1: NORMAPPROXR
Input : fE€HEgl, keN

G < GrID (1, [(k—1)/2 +1ogD])
t  (1—27%) " max{|| f(z)||0 | = € G}

Output st €[0,00)
Postcondition: (1—27%)¢t < ||f|% <¢

Proposition 4.4. Algorithm |NORMAPPROXR| is correct. On input (f, k) € H5[q] x N, its
cost is bounded by

(k+1)n

10 (2”1°g”D"QTN> .

Proof. This is a direct consequence of Propositions [f.1] and .2 and the fact that f can be
evaluated at z € S™ with O(N) arithmetic operations (see [13, Lemma 16.31]). O

Remark 4.5. The ideas in this subsubsection can be applied to compute | f||<.
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4.1.2 Estimation of K

In many grid-based algorithms, the estimation of condition numbers is done implicitly
along the way; this does not affect the overall computational cost and it makes for an easier
understanding of these algorithms. The next proposition is the core of the estimation of
K. Note that the mesh of the needed grid to estimate K depends on K itself.

Proposition 4.6. Let f € Hg[q] and G C S™ be a 6-net. If

dDmaxK(f,z) <1,
z€§g

then

1
max K(f,2) <K(f) < 755 v K(7.2) 2 K(f,z).

Proof. We only have to prove the right-hand side inequality, since the other one is obvious.
Let x, € S" such that K(f) = K(f,z«) and = € G such that dists(f,z) < . Then, by the
2nd Lipschitz property (Theorem , we have

1 _ 1

Hence 1/K(f,zx) < (1 =dDK(f,z))/K(f,z) and the desired inequality follows under the
given assumptions. O

< Ddistg(z4,x) < D.

Proposition [4.6] suggest the following algorithm which computes only one L..-norm.

Algorithm 4.2: K-ESTIMATE

Input : f€Halgl, ke N, be NU{oo}
t <{ NORMAPPROXR( f, k + 1)
{0
repeat
—10+1

K max{\/cjt/ max{|| f(z)], ||DwaA||’1} |z € GRID(n, ()}
until D K274 < 2-(+1) or 20 < K
if B < K then

| return fail

else
L K+ (1-27F)"1K
return K
Output : fail or K € (0, 00)

Postcondition: 2° < K(f), if fail;
(1 —2"MK(f) < K < K(f), otherwise

Proposition 4.7. Algorithm is correct. On input (f,k,b) € H5[q] x N x
(NU {o0}), its cost is bounded by

2(9(n(k+log n))DnN mln{K(f)”, 2nb}
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Proof. The correctness follows from Propositions 4.4/ and and (1—2-(+1)2 5 1 9k,
The cost of the first line of the algorithm is bounded by Proposition The number
of evaluations of

vat/ max{|| f(z)||, | Dz fTAI 71}

in the ¢th iteration of the loop is given by Proposition We need O(N + n?3) operations
for each such evaluation, by [13, Proposition 16.32].
In this way, if the loop runs {j iterations, it performs a total of

(kE+2)n

o@rlen(pra—z - N + 2"t (N 4+ 1?)))

operations.
If the algorithm outputs K, then £y = [k + log D 4 log K — log(1 — 27%)]. Moreover,
from the correctness, log IC —log(1 —27%) < log K(f), and so £y < k+1+log D +1log K(f).
If the algorithm outputs fail, then the first criterion had to fail and so, as long as the
second criterion fails too, we have

{ < k+logD +0b.

And so, in this case, fo < k+ 1+ logD + logb.
We conclude from the bounds above and some straightforward computations. O

By setting k to 7 and b large enough, we have the following important corollary.

Corollary 4.8. There is an algorithm, K-ESTIMATE*, that on input (f) € Hs|q] computes
K € [1,00) such that
0.99€ < K(f) < K.

This algorithm halts if and only if K(f) < oo and its cost is bounded by

QO(nIOgn)DnNK<f)n.

4.1.3 Complexity analysis of grid-based algorithms using K

To get the grid-method to work, we need two ingredients: a method for selecting the points
in the grid near the geometric object of interest and a way of controlling distances between
these two sets.

Theorem 4.9 (Construction-Selection). Let f € HX[g] and G C S™ be a §-net. If
4ADZK ()% < 1,
and Q € R is such that 0.99Q < || f|I% < Q, then

distg ({x €q| % < Dé} ,Zs(f)> < 2DK(f)o,

where disty (A, B) := max{sup{dist(a, B) | a € A},sup{dist(b, A) | b € B}} is the Haus-
dorff distance.
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Following [32], recall that the medial azis Ax of a closed set X C R" is the set
Ax :={p e R" | #{z € X | dist(p, z) = dist(p, X)} > 2},

consisting of those points for which there is more than one nearest point in X, and that
the reach 7(X) of X is the quantity

7(X) = dist(X, Ax),

measuring the size of the neighborhood of X at which the nearest point projection is well-
defined. If X is finite, then Ax is the union of the boundaries of the cells of the Voronoi
diagram of X, and 7(X) is half the minimum distance between two distinct points of X.
Thus, for f € H%[n], 27(Zs(f)) is the separation of the zeros of f in the sphere.

Theorem 4.10. Let f € H5[q]. Then

1
TDK(f)

7(Zs(f) =

Proof of Theorem[].9 Let xg € Zs(f), then there is some x1 € G such that distg(zo, z1) <
0. Let [0,1] 5 ¢t — z; be the geodesic joining them. By Taylor’s theorem,

1f @)l < [If (@o)|| +6 sup [[Dgf,
s€[0,1]

and so, by Kellogg’s theorem (Corollary [2.13) and f(xg) = 0, we have that % <D6§.
ILf ()l
Hence NG) <Dé and

dist (l‘o, {l‘ eqg ’ H{/E;?; < D5}) < diSt(aZo,Jn) < distg($0,$1) <.

Let now 29 € G be such that H{([%)” < Dé. Then

1 (a2)] 1 |
ValfE = 2P0 S DR < K(Fow)

the second inequality by our hypothesis. Because of the Regularity Inequality (Theo-
rem we must then have \/q|| f[|% ||Da, fTAY2|| < K(f,22). It follows that

(4.1)

K(f,z2) 1 I|.f(z2)|

D, /i 7 D2 L (Fas) < SDK(f)2 2

Do T (@)l (o) < Zapmiea(fize) < 5DK(* T
1.02 1.02

TD2K(f)25 < ? < 0.13071...
where we used the Higher Derivative Estimate (Theorem in the first line, and (4.1
and the hypothesis in the second. This means that Smale’s a-criterion holds for z2 and

frr, sn by [28, Théoreme 128]. Hence there is x5 € T;,S" such that f(23) = 0 and that

dist(zg, 23) < 1.64||Dy, f1f(22)| < 1.64-1.02DK(f)5 < 2DK(f)é.

Since dist(xg, x3/||z3||) = arctan dist(x2, x3) < dist(z2, z3), we are done. O
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Remark 4.11. The proof also shows that we have convergence of the Newton method

associated to fip gn for every x € G such that %\(}El)l]!{ < D§. Hence, we can refine our

approximations if wanted.

Sketch of proof of Theorem [4.10., The proof is very similar to the one of [14, Theorem 4.12].
By [14, Lemma 2.7] and [I4, Theorem 3.3], we have that

. 1
7(Zs(f)) = min {1’ Hmax{y(f,z) | z € Zs(f)} } |

Hence, by the Higher Derivative Estimate (Theorem , the desired bound follows. [

The following theorem is a variant of the so-called Niyogi-Smale-Weinberger theo-
rem [42], Propoposition 7.1].

Theorem 4.12. Let f € H%[q], G C S™ be a d-net, and t € R be such that 0.99Q <
IFIR < Q. If 90D2K(f)26 < 1, then for every

€€ <6DK(f)5, 14DlK(f)> ,
the sets Zs(f) and

1/ (@)
U{B(x,s)|xeg, NG <D5}

are homotopically equivalent. In particular, they have the same Betti numbers.
Proof. This is just [14, Theorem 2.8] combined with Theorems [4.9) and O

We can now describe the algorithm. In doing so, we will call a black box BETTI for
computing the Betti numbers of a union of balls. This is a standard procedure in topological
data analysis.

Algorithm 4.3: POLYBETTI,

Input : [ € Halq)
Precondition : ¢ < n, f has no singular zeros (i.e. K(f) < o0)

Q <| NORMAPPROXR( f,7)

k < K-ESTIMATE*(f)

L+ 7+ [2logD + 2log k]

G + GRID(n, /)

X {zeg||f@)] < aDQ2"}
e + 3/(50DK(f))

(Bo, - -+ Bn) < BETTI(X, €)

return fy,..., 0,

Output : Bo,...,0n €N
Postcondition: fy,..., 3, are the Betti numbers of Zs(f)

Proposition 4.13. Algorithm is correct and its cost is bounded by
2(’)(n2 log n)DIOn2 K(f)10n2.
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Proof. Correctness is a consequence of Theorem and tyhe fact that the computed @
satisfies 0.99Q < || f||%, < @ by Proposition

For the complexity, we apply Proposition for the first line, Corollary for the
second line, and Proposition for the fourth and fifth line. We know that BETTI has
cost O (20("log")]2¥|5") (see [27, §5] for example) and that |X| = O(2"°e"D2"K(f)?"),
by Proposition 4.1

We note that our bound uses k£ < 1.02K(f) in order to get the cost dependent on K(f)
instead of on the computed estimate k. ]

The complexity estimate in Proposition does not differ too much in form from
those in other grid-based algorithms. We will see in however, that the occurrence of
K in the place of x leads to substantial improvements when one goes beyond the-worst
case framework and considers random or semi-random input models.

4.2 Complexity of the Plantinga-Vegter algorithm

The ideas above can also be applied to the Plantinga-Vegter algorithm [44]. Since in a
recent work [23] (cf. [22]) we performed an extensive analysis of this algorithm including
details for finite precision arithmetic. So we will be here scarce on details, referring the
reader to [23] for details, and only focus on the (exact) interval version of the algorithm.

4.2.1 The Plantinga-Vegter Subdivision Algorithm

Let Pg be the space of polynomials in Xi,..., X, of degree at most d. The Plantinga-
Vegter algorithm [44] is a subdivision-based algorithm for obtaining a piecewise linear
approximationﬂ of the zero set of f € Py inside [—a, a]”. As customary, we will focus on the
complexity analysis of the subdivision routine only. The idea is to subdivide [—a, a]™ into
succesive boxes, i.e., sets of the form B = m(B) + [~w(B)/2,w(B)/2]" (here m(B) € R"
is the center of B and w(B) > 0 is its width), until every box B satisfies the following
condition:

Cy(B) : either 0 ¢ f(B) or 0 ¢ (0f(B),0f(B))

where (, ) is the standard inner product and Jf is the gradient vector of f. Once this
approximation criterion is satisfied by all cell is the sub-division the Plantinga-Vegter
algorithms halts, and returns a topologically accurate apprimation of the zero set of f in
the region [a, —a|". We will use to check if the termination criterion is satisfied, the use
of the condition numbers for precision control and for the complexity analysis of finite-
precision implementation can be read off from our earlier work [23].

For f € Py, we define

1flloo = max{|f"(x)| | = € $"} = | /"Il

where f" € Hy[1] is the homogenization of f. Taking the maps (2.3), (2.4), (2.5) in [23]
and substituting the Weyl norm by the real L.-norm on them we get

= 1 ’ . 1
= e 1 ep@ne o P (4.2)

d|| flloo (1 + [|][2) /271
2The original algorithm [44] only dealt with dimensions two and three. For the extension to dimensions
four or higher see [34].

h(x)
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together with

> _ f()
f LT = h(fﬁ)f(l’) - ||f”oo(1 + HxHQ)(d,l)/Q (4.3)
and
87w W(2)Df(x) = 0f(x) (4.4)

] flloo (X + [l

One can use this maps to produce interval approximations as we do in [23]. Recall that
an interval approximation of f: R™ — R? is a function LJf : OOR™ — RY that maps boxes
in R™ to boxes in R? in such a way that f(B) C Of(B).

Proposition 4.14. Let f € P,. Then

OS] : B Fm(B) + (1 +d)/a [_w(?l?)’ w;?)]

is an interval approximation of hf, and

w(B) w(B)

OlW'DAI « B~ [Df (m(B))] +dv/n {_2, 2}

is an interval approximation of |h'Df]|.

Sketch of proof. Using the bounds from Kellogg’s theorem (Theorem [2.12)) and its corol-
laries, we can deduce easily (as it is done in the proof of Theorem that the maps

9/llgll% : " = [~1,1] and Dg(v)/(d|glls|[o[l) : §™ = [~1,1]

are d- and (d — 1)-Lipschitz (with respect to the geodesic distance) for g € HX[1].
We now argue as in [23, §4], but using these Lipschitz properties, to prove that f
and 0f are (1 + d)- and d-Lipschitz. For the latter, we use the fact that for v € R",

Dx fh (S) = ({(0f,v))" and that ||5}H is d-Lipschitz if <5?,v) is so for every v € S*71. O

Using the interval approximations and their Lipschitz properties in Proposition 4.14]
we can rewrite the condition C¢(B). We only need to use [23, Lemma 4.2] for the second
clause of the condition.

Theorem 4.15. Let B € UR". If the condition
C7(B) : ] f(m(B))] > 2dvmw(B) or HDf(m(B))H > 2v2dv/nw(B).
is satisfied, then Cy(B) is true. O

The subdivision procedure of the Plantinga-Vegter algorithm thus takes the following
form (where STANDARDSUBDIVISION is a procedure that given a box divides it into 2"
equal boxes and O[—a, a]™ is the set of boxes within [—a, a]").
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Algorithm 4.4: PV-INTERVAL«
Input : fePy
a € (0,00)
Precondition : Z(f) is smooth inside [—a, a]”

Q <| NORMAPPROXR( f,7)

S+ {[-a,a]"}

S+ o

repeat

Take Bin S

S« S\ {B}

if |/ (m(B))| > 2dyAaw(B)Q(1 + [m(B)[?)'5" then
| S+ Su{B}

else if 0 (m(B))| > 2v/2dy/mu(B)Q(L + [[m(B)|?)~" then
| S+ Su{B}

else
| S+ SUSTANDARDSUBDIVISION(B)

until S = @
return S

Output : Subdivision § C O[—a, a]™ of [—a,a]”
Postcondition: For all B € S, C¢(B) is true

4.2.2 Complexity of PV-INTERVAL,

Without effort, [23, Proposition 5.1] transforms into the following proposition. The essen-
tial step is to multiply the inequalities in that proposition by ||fM[w /|l.f|lco-

Proposition 4.16. Let f € P; and x € R™. Then either

N 1 = L
70l s o ™ P> sy o
where YO (x) = \/HlHTIIZ (i) €S”. -

With Proposition and the Lipschitz properties shown for f and 5}, one can
produce a so-called local size bound for C(B). This is a function that evaluated at a
point x gives a lower bound on the volume of all possible boxes not satisfying C} (B) and
containing x.

Theorem 4.17. The map
v 1/ (2243 VK (7, 10(2) )"

is a local size bound for C} (of Theorem . O
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Then using the continuous amortization of [I7, 18, [19] (see [23, Theorem 6.1}), we
conclude the following. Note that we need some care with the call to NORMAPPROXR|
but this is taken care of by Proposition

Theorem 4.18. The number of boxes in the final subdivision & of [PV-INTERVAL.| on
input (f,a) is at most

dz" max{l,a”}Z%mog""'H" E (K(fhaIO(F))n> .

r€[—a,al”

The number of arithmetic operations performed by |PV-INTERVAL| on input (f,a) is at
most

r€[—a,a]™

O <d§n+1 max{l,a"}ﬁ"lognﬂlnl\f E (K(fh7 I—O(;))")) . ]

The condition-based estimates in Theorem are very similar to those of [23] Theo-
rem 6.3]. It is important to observe that only one norm computation is performed by
(in its very first step) and that the cost of this computation is already included
in the cost bound in Theorem We will see in that the occurrence of K in the
place of k results in significant improvements in overall complexity when we consider
average or smoothed analysis.

4.3 Probabilistic Analysis of Algorithms

In the preceding sections, we have shown that existing grid-based and subdivision-based
algorithms based on x can be modified to use K instead. Moreover, we have shown that
the condition-based complexity estimates in terms of K are similar to those in terms of x.
In this section we will show that when we consider random inputs, in contrast, the cost
(expected or in probability) substantially decreases.

We first introduce the randomness model with some useful probabilistic results. Then
we prove a general comparison result which shows that when substituting x by K one can
expect to reduce the size of the condition number by a factor of v/N. Finally, we apply
these probabilistic estimates for the Plantinga-Vegter algorithm where the improvement
can be easily appreciated.

For most algorithms in real algebraic geometry, condition-based estimates show a de-
pendence on either ™ or on K”. When this occurs the complexity estimates improve by
a factor of the form N2z when we pass from k to K. The final complexity changes from
having an exponent quadratic in n to an exponent quasilinear in n.

4.3.1 The Randomness Model: Dobro Random Polynomials

Given a random variable ¢ € R we say that:
(i) ris centered if Ex = 0.

(ii) A random variable ¢ € R is subgaussian if there is a constant K such that for all
p=1,
1
(E[t)r < K/p.
The smallest K satisfying this condition is called the 12-norm of r, and is denoted
(137
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(iii) ¢ has the anti-concentration property with constant p if for all u € R and € > 0,
P(jr —u| < e) < 2pe.

Note that this is equivalent to ¢ having a density (with respect to the Lebesgue
measure) bounded by p.

We now extend to tuples, the class of real random polynomials, introduced in [22].
These random tuples generalized the so-called KSS random tuples.

Definition 4.19. A dobro random polynomial tuple § € H]g[q] with parameters K and p
is a tuple of random polynomials

1 1
& 2claXo‘,..., dq 2c aX®
> () b,

laf=d1 lal=dq

such that the ¢; , are independent centered subgaussian random variables with t2-norm
at most K and anti-concentration property with constant p.

Remark 4.20. Probabilistic estimates for a dobro polynomial § will depend on Kp. This
product is invariant under scalar multiplication of f since Af is dobro with parameters |A| K
and p/|A|. Moreover, note thatE| 6K p > 1. In the particular case of KSS polynomials, we
can take Kp = 2//m.

Ezxample 4.21. A dobro random polynomial tuple | € ’H% [q] such that the ¢, are are i.d.d.
normal random variables of mean zero and variance one is called a KSS (real) polynomial
tupleﬁ In this case, we can take Kp = 2//7.

Ezxample 4.22. A dobro random polynomial tuple f € 7-[]5 [q] such that the ¢, are are i.d.d.
uniform random variables in [—1, 1] is a Weyl uniform (real) polynomial tuple. In this case,
we can take Kp =1/2.

We now state and prove several probabilistic results that will be used later on.

Proposition 4.23 (Subgaussian tail bounds). Let ¢ € R be a random variable.
2
1. Ify is subgaussian with 1e-norm at most K, then for all t > 0, P(|r| > t) < 2¢” 217,

2
2. If there are C' > 1 and K > 0 such that for all t > 0, P(|z| > t) < C’e—ﬁ, then t is
subgaussian with 1o-norm at most K (1 ++v2In C’).

Proposition 4.24 (Hoeffding inequality). Let r € RY be a random vector such that
its components ; are centered subgaussian random varianbles with 1s-norm at most K
and a € SN~L. Then, a*r is a subgaussian random variable with 1y-norm at most %K. In

particular, for all t > 0,
2

P, (Ja*t] > t) < 2¢ 35k

3This follows from 2tKp > P(|t] < Kt) > 1 —P([t]| > Kt) > 1 — 2¢7°/2 and optimizing, where r is
subgaussian with ¥2-norm K and the anti-concentration property with constant p.

“In this definition, KSS refers to Kostlan-Shub-Smale. An alternative term is ‘Shub-Smale random
polynomial tuple’, following [4], but we use ‘KSS’ instead, as this is consistent with the use we have made
of the term in the case of a single polynomial.
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Proposition 4.25 (Anti-concentration bound). Let ¢ € RY be a random vector
such that its components ¢; are random variables with anti-concentration property with
constant p. Then, for every A € R¥*N with rank k and measurable U C RF,

vol(U) (v2p)*

P, (ArelU) <
Arel) < det (AA*)

Proof of Proposition[{.23 This is just [53, Proposition 2.5.2] with a twist. For the first
part, we only have to follow the constants in the proof. For the second one, note that

o uQ
E [z = K? (2In C)g —I—/ uP~te 2k du,
0

which follows from

1 ifu< Kv2InC
P(jr] > u) < w2
e 2x2  ifu>Kv2InC),

dividing the integration domain into [0, Kv/2In C] and [Kv/21n C, oo], and applying some
straightforward calculations and bounds.
2
Now, applying the change of variables ¢ = 3%~ and Stirling’s inequality, we obtain

[MS]

> u2 b p
/ wP~leT2k du = KP2271T (g) < 2KPe"2p2.
0

Hence
D
2

EleP < &7 (2InC)5 +2p%)

from where the second part follows. O

Proof of Proposition[4.24 This is an application of [53, Proposition 2.6.1], where we only
have to find the explicit constants hidden in the proofs of [53, (2.5) and (2.6)] —the
constants are given as absolute constants in the statement, but one can find the pre-
cise constants in the proofs—. Note however that for us the 1-norm is the K; in [53|
Proposition 2.5.2], while in [53] it is the constant K4 of that proposition.

The last claim is just applying Proposition [£.23] O

Proof of Proposition[4.25 This is just a rewriting of [46, Theorem 1.1]. To get explicit
constants, we use [39]. This rewriting was first given in [51), Proposition 2.5]. We provide
the argument for the sake of completeness.

By the SVD, we have A = PX(Q where P is an isometry, ¥ € RF** g positive diagonal
matrix and ) an orthogonal projection. Hence

P, (Ar € U) =P, (Qr € 7' P*U)

and, since vol(X~1P*U) = vol(U)/ det X = vol(U)//det(AA*), we only have to prove the
claim for the case in which A is an orthogonal projection.

Now, by [46, Theorem 1.1] (see [39, Theorem 1.1] for getting the constant), we have
that Ax has density bounded by v/2p. Thus P(Ar € U) < vol(U)(v/2p)*, as we wanted to
show. O
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4.3.2 K vs. k: Meassuring the effect of the L,,-norm on the Grid Method

The condition-based complexity estimates we obtained in this section essentially substitute
the k in the cost estimates of the original algorithm by K. In this way, the comparison
between the two algorithm reduces to estimate K/k. The following proposition shows that,
in turn, this amounts to look at the quotient || f||X /|| flw-

Proposition 4.26. Let f € H%[q] and x € S™. Then

U KU2) gl

Ilw = < g 1l
wnd 715,
2qD
1w = 1w

Proof. It follows from

I£IR ¢ £ @2 + 0 (A74Das)
| Fllw max {[F(@)],0q (A-1D, )}

K(f, )
K(f; )

iy

and
1

5 % (A73D.f) < 0y (A7'Daf) <0y (A73D.S) .
0

In general, we have that 0 fH < 1 so the corresponding quotient of condition numbers

worsens by a factor of at most /2¢gD. Our main result derives from the fact that %
is, for a substantial number of f’s, much smaller than one: we can expect it to be smaller

than /D In(eD)/N with very high probability.

Theorem 4.27. Let g < n+1,f € ’H%[q] be dobro with parameters K and rho and £ € N.
Then for any power £ with 1 < £ < @ we have

y4 0
E(IIJ‘H&) - (140@1@\/@) |

[fllw N —2/

Corollary 4.28. Let g <n+1 andf € ’H%[q] be dobro with parameters K and p. Then
forl1 </¢< @ we have,

(K(f))e < (280Kp\/an ln(eD)E)z '

N —2¢
O

Let POLYBETTIy be the version of using the Weyl norm. An analysis
along the lines of [27] (or [14]) shows that the run-time of POLYBETTIy is

2(’)(712 log n)DIOnE(f)IOn
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which is very similar to the cost bound for in Proposition It follows
from both bounds that

run-time(POLYBETTI ], f) < (K(f) ) o .

run-time(POLYBETTIy, f) — \ K(f)
Using Corollary and Markov’s inequality, it is easy to prove the following estimate.

Corollary 4.29. Let ¢ <n+1, N > 20n and let f € 7—[5 [q] be a dobro random polynomial
tuple of parameters K and p,

10
run-time(POLYBETTI) f) _ (896K,0n qDln(eD)) "

run-time(POLYBETTIyy, f) vN —20n

with probability at least 1 — 1/N. Note that for fixed n and large D, the ratio in the

right-hand side is of order
10
Kpy/In(eD) " 0
D' ‘
We proceed to prove Theorem [£.27]

Proposition 4.30. Let | € ’HE[q] be dobro with parameters K and p. Then, for all t > 0,

3" D" _» )
P <||f”§o > t) < ﬁe 2/(3K)?

1
In particular, if g <n+1, for all { > 1, (Ef (Hf||]§g)€> * <10K/nIn(eD)L.

Proof of Theorem[[.27. By the Cauchy-Schwarz inequality,

(”fH’R> \/W Hfll

The first term in the right is bounded by Propositions [4.30

For the second term, we will use [41, Theorem 1.11]. By Proposition (applied
with the identity and using orthogonal coordinates with respect the Weyl norm) and
Striling’s approximation, we have that f has the SBA with constant 2y/mep. Thus, by [41],
Theorem 1.11],

1

Ne126 = 4
IIfH2 ||9”t2/V

where g € Halq] is KSS. Now, for KSS g, ||g||% is distributed according to a x?-distribution
with N degrees of freedom. Therefore

oo N
B _/ t_f#t%_le_%dt:F(Q
0 o

v [lgllF 237 (&) 2

< (14p)*

The desired claim follows now. O
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Proof of Proposition[{.30 Fix ¢ € [0,1/D]. By the proof of Proposition we have that
If[I%, > ¢ implies Vol{:L" eS| If(z)]loo > (1 - %252> t} > vol Bs(zx,d), where z, € S"

maximizes ||f(2)||oo. Therefore

P (1% > £) <5 (Bieon (1@l 2 (1= 567} £) 2 vol Bo(an, )/ vol57).

Now, by Stirling’s approximation [I3, Eq. (2.14)] and [13, Lemma 2.31] (plus some esti-
mations of f05 sin®~1 6 df), we have that

vol Bs(z4,d)/volS™ > 3vn +1 <§5> :

In this way,
P (IfI% =)
D2 2 n
s Pf Presn F@) oo = (1 — 7 > 3\/77 g
1 5 D2 )
< — n _ = , .
“3/n+1 <25> IfE reS (Hf Do = <1 5 0 >t> (Markov’s inequality)
1 D2
= 3Vntl (255> <||f Do = <1 - 252> t> (Tonelli’s theorem)
1 5 D2 )
< — | — > _
RENCES <25> e Fy <”f Do 2 <1 50 )t>

< 3\/an ( ) mggn (‘fz )| > (1 — ]:;252> t) (Union bound).

Since f is dobro, for all i and x € S™, f;(z) is a subgaussian random variable with ¢)2-norm
at most %K . Note that we are using that in the coordinates of an orthogonal monomial
basis for the Weyl norm, the following holds: 1) a dobro random polynomial looks like
random vector whose components are independent and subgaussian of o-norm at most
K, and 2) evaluation at a point of the sphere becomes inner product with a vector of norm
one.

Hence

5 " D? 8t°
R > t) —(1-=-0¢° :
P(I%2t) < 5 ms (55) o ) e
The claim follows taking ¢ = 5/(6D). For the other inequalities on the moments use
Proposition [£.23] O

4.3.3 Complexity of Plantinga-Vegter Algorithm

In [23] (cf. [22]), we proved the following result (which we are just adapting to the notationlﬂ
of this paper).

®Note that there is a slight difference in how we define the anti-concentration constant in [23] and how
we define it here.
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Theorem 4.31. [23, Theorem 8.4 and Theorem 7.3] Let § € H5[1] be dobro with param-
eters K and p. For all x € S™ and t > e,

N\ ™5 ¢
n+1 n 2
Plntioa) 20 <2 (0 ) GoRp T

In particular, for Plantinga-Vegter algorithm implemented using the domain [—a,a|” the
number of hypercubes in the subdivision is at most

+1 3 17
anDnN”T2nlogn+13n+§1ogn+7(Kp)n+1. ]

Our objective is the following theorem, which shows how the N "3 factor vanishes from
these estimates when we pass from « to K. This shows that the version of Plantinga-Vegter
using K is faster than the one using &, i.e., the one in [23].

Theorem 4.32. Let f € H%[1] be dobro with parameters K and p. For all x € S™ and

t>e
- 5 ntl
ny1ln 2t

P (K(f,z) > t) < D% (IneD) "% (40K p) R

It follows that for every compact 2 C S™,

EE (K(f, ;)n) < D% (ln eD)”TH2%nlogn+5n+2log(n)+% (Kp)nJrl,

f reQ
In particular, for Plantinga-Vegter algorithm implemented using the domain [—a,a|” the
number of hypercubes in the subdivision is at most

3n +1 3 19
a"D7 (ln eD)”T2§nlog n+13n+2log(n)+ %

Remark 4.33. Theorem [4.32]allows us to compare the efficiency of Plantinga-Vegter for the
versions based on the Weyl-norm and the co-norm. One can observe that (in the region

2
of interest D > n) the term N 2 ~ D7 in the estimate for the Weyl-norm version is
replaced with (D log D)% in the oo-norm. Basically the exponent of D goes from O(n?)
to O(n). If we focus on the original cases of interest (cf. [44]), that is n = 2 and n = 3,
with the average complexity analysis from [23], it is shown in Theorem 3.1 there that
PV-INTERVALy has an average complexity of

O (d® max{1,a*}(Kp)?) for n =2, and
O (d" max{1,a*}(Kp)*) for n = 3.
It follows from Theorems and that the average complexity of PV-INTERVALy is
O (d"log"?(d) max{1,a*}(Kp)?) for n = 2, and
O (d*log?(d) max{1,a*} (K p)*) for n = 3.

We next proceed to prove Theorem [4.32

Proof of Theorem[{.33 Let u,t > 0, then
Py (K(f,2) = 1)

D,
<P <||f||[§; > u or max {|f(w)|, D4l } < 7:) (Implication bound)
<

Dy :
< Ps <||f||I(;Ro > u) + P} <max{|f(az), | Dﬂ| } Q:) : (Union bound)
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where we used the fact that for f € HE[1], K(f,z) = ||f|%/ max {|f(z)|, || D.f|/D}.
On the one hand, P; (|| f||% > u) is bounded by Proposition On the other hand,
the map

f=(f(x) Bgl)

has singular values 1,1/y/D, ..., 1/y/D in the coordinates of a monomial basis orthogonal
with respect to the Weyl inner product. And since in such a basis a dobro polynomial is a
vector whose coefficients are independent and have the anti-concentration property with
constant p, we deduce that

+1

P; <max{|f(:r)|,HD[;fH} < t> <D: vol {(zo, ) € R | |zol, ||z]| < u/t} (fp)

7’L +1
<w,D? V2pu <o'D3 (2 L
t V@i i+l

where wy, is the volume of the n-ball, using Proposition and Stirling’s estimation [13|
Eq. (2.14)].
Hence, combining the inequalities above,

RICaES D L up mrl
P; (K > ) < —u?/BK)? | gnp 3 .
f( (f,ﬂ?) - t) — \/m e 9 \/ﬁ tn+1

Taking t > e and u = 3K /n1In(3¢2D)Int > 3K \/nIn(3D) + (n + 1) Int, we get

1
— 3\/7 tn—l—l

This proves the first statement.

By Tonelli’s theorem, in order to prove the second statement it is enough to bound
E; K(f, z)" for a fixed x € S™. Now,

(o) = [y (K(o) = 13)

n+1
n+lln 2 ¢
tn+1 :

P (K(f,z) > t) < +9"D3 (3Kp1n%(3eQD))

o0 ) In(tn)"2
ge"+/n ( (foz) =t ﬁ ge +/ D2 In"2 (eD)(40Kp )”H?dt
e
<e"+Diln"e (eD)(4OKp) Tdt.
1 t

By changing variables, ¢ = e°", we can see that

n+1

n+1
o 2
/ Mdt:nf (n—24—3) < V2menvn+1 (n+1)
1

t1+; 2e

where the inequality comes from Stirling’s approximation [13| Eq. (2.14)]. Hence we get
K(f,z)" < " + V2reny/n + 1D?2 lnnTH(eD)(l&/n + 1K p)"*!
< 8nvn+ 1D% In"2 (eD)(18vn + 1K p)™ .

The second bound now follows after some easy bounds. O
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5 Linear Homotopy for Computing Complex Zeros

Smale’s 17th problem asks if a complex zero of n complex polynomial equations in n
unknowns be found on average polynomial time [49]. A probabilistic solution to Smale’s
17th problem was given by Beltran and Pardo in 2009 [6, [7]. The construction of Beltran
and Pardo was probabilistic in the sense that they exhibited a randomized algorithm.

The distribution underlying the average-case analysis for Beltran-Pardo algorithm is
a Gaussian vector in CV where the coordinates have prescribed variances coming from
multinomial coefficients, or equivalently the distribution is N(0,I) when the vector space
’HS [n] is endowed with the Weyl inner product; this particular distribution is called KSS
complex random polynomial (see Subsection . Finally, the algorithm of Beltran-Pardo
is polynomial time with respect to N = dim¢ HG[n].

When we have n equations and n unknowns, i.e. ¢ = n, we call it a square system. A
generic square system of equations with degrees di,do,...,d, has D :=d; ----- d,, many
zeros, and Smale’s 17th problems asks to compute one of these zeros. Following the initial
work by Shub and Smale [48], the hearth of Beltrdn-Pardo solution is a linear homotopy,
let’s call it ALH. It takes as input the system f for which a zero is sought, along with an
initial pair (g,¢) € HG[n] x P* satisfying g(¢) = 0. If we define ¢ := tf + (1 — t)g, for
t € [0,1], then generically, the segment [g, f] in H§[n] lifts to a curve {(q, () | t € [0,1]}
in the solution variety

V= {(f.¢) € H3[n] x P" | f(¢) = 0}.

The idea of ALH, in a nutshell, is to “follow” this curve (for which we know its origin
(g,¢)) close enough so that we end up with an approximation to the zero (; of f = ¢.

The breakthrough in [6, [7] was to come up with a randomized algorithm to produce
the (long sought) initial pair (g, (). To state this result, we endow V with the standard
distribution psq defined via the following procedure:

e draw a KSS complex random polynomial f € H5[n].
e draw ( from the D zeros of f with the uniform distribution.

For details on pgq see [13, §17.5]. The following version of Beltran and Pardo randomization
allows one to efficiently sample from pgq.

Proposition 5.1. ([13, Proposition 17.21]) There is a randomized algorithm which, with
input n and d, returns a pair (g,{) € V drawn from pgq4. The algorithm performs 2(N +
n? +n + 1) draws of random real numbers from the standard Gaussian distribution and
O(DnN + n3) arithmetic operations. O]

With the randomization procedure at hand, the structure of the algorithm to compute
approximate zeros is simple.
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Algorithm 5.1: SOLVE
Input : f € Haln]
Precondition : f # 0

draw (g,(¢) € V from pgq
run ALH on input (f, g,¢)

Output :z € CPHl
Postcondition: z is an approximate zero of f 3
Halting cond.: The lifting of [g, f] at ¢ does not cut ¥ C V

Here ¥ := {(f,¢) € V | detD¢f = 0}. This set has complex codimension 1 in V.
Hence, because the lifting of the segment [g, f] corresponding to ¢ has real dimension 1,
generically, it does not cut 3. That is, algorithm almost surely terminates for almost
all inputs f € Hqln].

Regarding complexity, the total cost of SOLVE is dominated by that of running ALH,
which is given by the number of steps K performed by the homotopy times the cost of
each step. In previous work ([48, 6], [7, 12| B] among others) the latter is essentially optimal
as it is O(N + n3) (which is O(N) if d; > 2 for i = 1,...,n). The former depends on the
input at hand and it is there where average considerations play a role. In [8], [12]
was implemented using the Weyl norm to compute step-lengths. Its average complexity is
O(nD?®2N). The average complexity of the resulting algorithm, let us call it SOLVEyy, is
then O(nD3/2N?).

The goal of this section is to analyze a version ALH,, of ALH with step-lengths
based on || ||cc. We show that this can be done in a straightforward manner and that,
maybe surprisingly, the average complexity of ALH with step lengths based on our new
condition number is O(n*D?In(nD)); the cost is independent of N. Unfortunately, this
computational gain is not decisive for a general input model due to high cost of computing
|| ||oo norms.

Nonetheless, for the particular —but highly relevant— case of quadratic polynomi-
als, we can efficiently compute the co-norm and this results in being faster
than .

5.1 Description of the linear homotopy

The algorithm below is, essentially, the one in [I2] and [I3, Ch. 17]. The only change is in
the computation of the step-length A; where we replace the original (here dists denotes
angle)

0.008535284

dists(f, 9)D3/212(q, 2)

by
0.03[|g%
If = gl DM?(q, 2)
This change amounts —leaving aside difference in constants and a smaller exponent in

D— to the use of the co-norm instead of the Weyl one, and consequently, the use of M
instead of pu.

(5.1)
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Algorithm 5.2: ALHo
Input : f,9 € Haln| and ¢ € P
Precondition : g({) =0

t<—0,g¢g,z+(
repeat

0.03 |lgllco
At < 174D (g2)

t < min{t 4+ At, 1}
g tf+(1-1)g
z 4 Ny(z)

until t =1

return z and halt

Output : z € Ctt
Postcondition: The algorithm halts if ¢; ¢ ¢, for all ¢ € [0,1]. In this
case, z is an approximate zero of f

5.2 A bound on the number of iterations

The analysis of closely follows the steps in [13]. It requires, however, to prove
for || || a number of results we know for the Weyl norm. The first one shows that M is
a condition number in the standard sense of this expression (it measures how solutions
change when data is perturbed). To simplify the notation, in the rest of this section, we
will often omit the reference to the base field C.

Theorem 5.2. Suppose that the lifting of the segment [g, f] in V corresponding to ¢ does
not cut . Then the algorithm stops after at most K steps with

1 2
M
K<45D|f—g||oo/ MAai, G0 gy
o llatlle

The returned point z is an approximate zero of f with associated zero (3.

Corollary 5.3. The bound K in Theorem [5.2 satisfies

1
K< 45nD/O (I £lloo + llglloe) D¢ g7 Al *dt.

Proposition 5.4. Let t — (f;,(;) € V be a smooth path. Then, for all t,

Illoe
7ol

Proof in Theorem[5.9 The proof follows the lines of [I3, Theorem 17.3]. We will therefore
only offer a brief sketch. Set ¢ := % and C' = § = %. Let ¢ :=tf + (1 —t)g. Also, let
0<t1 <...<tg=1and {y = z0,...,2K be the sequence of t-values and points in P",
respectively, generated by the algorithm in its K first iterations. To simplify notation we
write ¢; and (; instead of ¢, and (,.

1G]l < M(f2, )
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As in [13] Theorem 17.3], but using Proposition [3.6in the place of [13, Proposition 16.2]
and Theorem in the place of [I3, Theorem 16.1], one proves by induction the following
statements for ¢ =0,..., K — 1:

(a l) dlSt]P(z’L; C’L) DM(CQwCz)

) q“Zl < M(q’LvC’L) =~ (1 +€)M(inzi)

Cllqillco
Dl gl < ol

(b,
(c
(i) distp(Gir Gi+1) < By Tre
. . C
(e,i) distp(zi, Giy1) < (HE)]%W
f,i) z; is an approximate zero of ¢;11 with associated zero ;i1
+ +

We proceed by induction showing that:

e (a,i) = (b,i) = ((c,i) & (d,1))

e ((a,7) & (d,17)) = (e, 1)

o ((c,i),(d,q) & (e,7)) = ((f,7) & (a,i+1)).
The base case, (a,0), is trivial.

(a,7) = (b,4): By assumption,

D M(g;, G)diste(2i,G) < C < -
and so, by Proposition
M(qi, ;)
< O < o)
1 +€ — M(thZ) — (1 +€)M(qlazl)
Thus (b, 7) holds.
(b,3) = ((c,4) & (d,4)):

By definition of ¢, we have that for ¢ € [t;, t;1+1],
gt — Gilloo = I(t = ) (f — 9)lloc = [t = Lilllf — glloc < AL[|f = glloo,
and so
lge — il 003”(12”00 < CquHoo
o0 = — 9
D M(qi, 2)* — D M(g;, )
where we use that M(f,z;) > 1, by the 1st Lipschitz property (Theorem [3.5)), (b,7) and

our choice of C. This shows (c, z).
Let t € [t;, ti+1]. Because of the continuity of ¢ — (;, we can assume t sufficiently small,

so that

(5.2)

D M(f;, G)diste(Gi: ) < C = =, (5.3)
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holds. It follows from (5.2)) and (5.3]) that the hypothesis of Proposition |3.6| hold. Then

t .
disto (G ) = [ 1l ds

t

S/t (57@)”(]8”% s (Proposition [5.4)
t

S/t (1+e)M (Z,Q)HQSHOO s (Proposition [3.6)
L (14 9)|lf = glloM(gi; Gi)ds .

-/ = (sl = 17 = gl

t(1 — gllooM(gi, ¢;)d
S/ (1+e)llf =gl (gi, Gi)ds (Triangle inequality)
t;

- adllee = (s = tIIf = glloe
(L+)lf — glloM(gi; Gi)(t — )
lgilloo (1= Ltle (¢ — 1))
< A+9)f = glloM(as; G) AL
T il (1 - = at)

<

(t—t; <tig1 —t; = Aty)

Mg:lloo
C 1—¢
= 4f) bel
~ DM(g;, zi) (1 +¢)? (See (5.4) below)
C 1—=¢

< b,

~ DM(g;,G)1+¢ (b9)
where we note that the denominator in the integrand doesn’t vanish since for t € [¢;, t;41],
t—t; <tit1 —ti <||¢lloo/llf — glloc by construction (as C' < 1 and M(g;, z;) > 1). In the
inequality before the last one, we have used that

Clale  1=C)1—¢) laillo
d A —C, .
F—gleDM@c? ez ™ A (5:4)

which hold due to the choice of the constant in the step-size At; and M(g;, z;) > 1.

The upper bound obtained implies that holds for all ¢ € [t;, t;y1]. If holds
for t;11, this is obvious. If it does not hold, then we can take t, = inf{t € [t;,tiy1] |
D M(f;, ¢)distp(¢;, &) > C} € [ti, tiy1]. By continuity, it satisfies (5.3), and so, by our
deduction above,

At; <

C 1—s< C
DM(gi,G)1+e  DM(gi,G)’

which gives a contradiction by continuity with ¢, being the infimum.
((a,4) & (d,4)) = (e,4). By the triangle inequality,

ds(2i, Giv1) < ds(zi, Gi) + ds(G, Cit1)-

dlStP(g’L ) gt)

This inequality, together with (a,) and (d, ), proves (e, ).
((c,i),,(d, i) & (e,i)) = ((f,7) & (a,i + 1)). By the Higher Derivative Estimate (Theo-
rem , we have

1
Y(Gi+1, Git1)ds (2, Gip1) < §DM(qz‘+1aCz'+1)ds(zia@'+1) < 0.17708,
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where the last inequality follows from (d, ) and our choices for C' and . Thus, by The-
orem z; is an approximate zero of ¢;11 with associated zero (;11. This proves (f,7).
Moreover, we have that z;41 := Ny, (2 + i) satisfies

C < C
(1+e)DM(g;, G;) — DM(giv1,Giv1)’
where the first inequality follows from (e, ) and the second one from Proposition (c,1)
and (d, 7). This proves (a,i+ 1).
By Proposition (c,7), (d,7) and our choice of C' and e, we have that for all ¢t €
[ti, tiga],

1
dp(Zit1, Gig1) < §dJP>(Zi,Ci+1) <

4 9
5'\/'(%@') < M(qt, Gt) < ZM(Qi,Ci)- (5.5)
And, by the triangle inequality and (b, ), for ¢ € [t;, t;11],
¢l oo 17
<14C=—. 5.6
lallc 16 >0

The statement now easily follows. Consider any i € {0,1,..., K — 1}. Then

tit1 |\/|2(qt ) 64 [lit1 I\/|2(qi i) 64 |\/|2(qi i)
Blanc) gy 5 02 [ Blanz) g, S Aaw2) ), ) (63), (6)
/t,' gt ]| oo 85 Jy, il 85 [|gilloo
64 0.03
= —— (IA L H o)
85 [|f = gllecD
Hence Lo
o Nl 8500 || f — gllocD ~ 45]|f — gllccD
and the result follows. O

Proof of Corollary[5.3 It immediately follows from the definition of M(gq,(;) and the
inequality [[g¢[loc < [|.flloc + [|gl/oc- O

Proof of Proposition[5.4 Recall from [13, § 14.3] that the zero (; is given by ¢; = G(f;)
where G : U C Hg[n] — P™ is a local inverse of the projection 71 : V — Hg[n]. Hence, for
all f; € Hq[n] we have . ' '

G =DpG(fi) = =(Defo) " (fu(&)) (5.7)
where the second equality is shown in the course of the proof of [13, Prop. 16.10]. Using
this equality along with the fact that (D¢, ;)™ = (D¢, ft)" (as ¢ = n) we deduce that

Icell = e 1D, f)~ (fe (Gl By E7)
tlloo=
< < max Hft(Ct)H) (D¢ fo) (Operator norm inequality)
Il ftlloo=1
<vn (f.nﬁax X Hft(Ct)Hoo> I(De, fo) 1< Vall e
tlloco—
< vn||(De, fo) | (Definition of || o)
ol (A™1Dg, fi) 71 M
_ Vlfillsl (AP f) T M) (Definition of M)
[ fello [ felloo
We recall that the norms where we have omitted the subscript correspond to the usual
norm in the case of vector and the usual operator norm in the case of linear maps. O
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5.3 Average complexity analysis of SOLVE,,

The execution of .. on an input f € ’HS[n] amounts to calling on input
(f,9,3) where (g,3) € Hg[n] x P" is a standard random pair. Consequently, the number of

iterations of amounts to the number of iterations done by The latter is
a random variable as (g, 3) is random. We will further consider f random and bound the
average complexity of by taking the expectation over both (g, 3) and f. Recall that
a KSS complex random polynomial system § € ”HS [n] is a tuple of random polynomials

1
i 2c1aX°‘,..., dn 2cnaX°‘
a ’ a ’

or|=d1 |at|=dnr,

such that the ¢; o are i.d.d. complex normal random variables of mean zero and variance
one.
Our main result is the following one.

Theorem 5.5. Let | € ’Hg[n]. On input f, Algorithm halts with probability 1
and it performs
O(n*D?In(eD))

iteration steps on average.

Remark 5.6. The bound in Theorem is independent on N: it is a polynomial in n and
D. The possibility of such a bound for the number of iterations of a linear homotopy was
explored in [3], where the dependence on N was reduced from linear to O(v/N). Pierre
Lairez subsequently exhibited one such bound but for a rigid homotopy [37]. To the best
of our knowledge, Theorem is the first result doing so for a linear homotopy.

We will use the following two results. The first is the complex version of Proposi-
tion and has an almost identical proof. The main difference lies in the needed volume
computations as the geometry of the complex projective space P" is somewhat different
from that of the real sphere S™. The second is a known result on random complex Gaussian
matrices.

Proposition 5.7. Let f € H[q] be a KSS complex random polynomial tuple. Then, for
all t > 0,
3D\ *"
P(IFIS 2 ) <20 () e,

1
In particular, for all £ > 1, (Ef (||f|\§o)€) * <12\/fn In(eD). O

Proposition 5.8. [13, Proposition 4.27]. Let 2 € C*("+1) be a random complex matrix
whose entries are i.i.d. complex normal Gaussian variables. Then for all t > 0,

1 n?
P b{ AT >t}<——.
rob {1 2 1} <
1 - 7
In particular, for £ € [1,4), (Ex ||QlJr||€) C <A (ﬁ) o



Proof of Theorem[5.5 We are calling Algorithm with input (f,g,3) where | €
HG[n] is a KSS complex polynomial system and (g,3) € Hq[n] is an standard pair.

Let ¥ := {h € Hq[n] | 3¢ € P" such that (h,¢) € X}. By classic results in algebraic
geometry, this set is a complex algebraic hypersurface and so it has real codimension 2.
Hence, with probability one, the segment [g, f| does not intersect it and, for each zero ¢ (@)
of g, we obtain a unique lifted path

t (q,¢7) € V.

Here, for each ¢, the Ct(z) cover all the dj - - - d,, different zeros of q; := tf + (1 — t)g. Recall
that behind this lifting lies the fact that the map V\ ¥ +— HSG[n]\ %, (f,n) — f, is a
regular covering map of degree dy - - - dy,.

In this way, the random zero 3 of g defines, following its lifted path, a zero 3; of qy.
Moreover, since the original 3 is chosen uniformly, the 3; is a uniformly chosen zero of ¢;.

Hence
24 (1 —1)?

q¢

V24 (1-t)2

is a uniformly drawn zero of this system.

By Corollary the number of iterations of with input f is given by

is a standard random pair, since is a KSS complex random polynomial and 3;

1
450D /0 B (U1 + gl 1Dy ;A1) at, (5.8)
773

where we have moved the expectation inside the integral using Tonelli’s theorem. Now, by
Holder’s inequality,

3 3
E (7% + lellZ) D50, AP) < | B (Il + llgll2)° E |D;a; AP )
1053 10,3 (1,9:3)

(5.9)
By Proposition we have that

1
3
< E (Hf!!ioJr\\g\!Zo)G) = O(nln(eD)).
(f.9:3

To apply the proposition we expanded the binomial and used the fact that f and g are
independent.

Because (q:/+/t2 + (1 —t)2,3;) is a random standard pair, we have that
3
E |Dua Al = (#+(1-0)%* E [Dyph Al" (5.10)
(f:g,é) (h7U)NpStd

Now, by the Beltran-Pardo trick [I3, Algorithm 17.6], we have that the matrix
A_l/zﬁn[) e (Cnx(n-i-l)

is a random complex Gaussian matrix. Moreover, ||Dnh_1A%|| = ||5anA%”> since 1 is a
zero of h and Dyb is just Dybh restricted to the orthogonal complement of 1, which we can
view as TyP™. Because of this, by Proposition

1— ik
(A_§D5t qt)

3 3
< 2n2.

_ 3
E |Dyq A<Dz E
(h7U)NpStd (b,‘))'\‘ﬂstd

1
-D
2
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Hence, integrating ((5.10)),

2
1 3
(/ (E)][D;,tqglA\?’dt) = O(nD). (5.11)
0

953

Putting together (5.8]), (5.9) and (5.11]) the desired result follows. O

5.4 Systems of quadratic equations

Theorem is an improvement over the average number of iterations of —
which is O(nDN). Furthermore, in the case of quadratic systems, we can compute each
iteration with low cost, ensuring that the average total complexity keeps smaller than
the one for SOLVElW —which is O(n"). The major task, unsurprisingly, is to compute
¢S in (5.1). But we can use that, for a quadratic polynomial g;, we can write g;(X)
as XTA; X with A; complex symmetric and that |g||co = ||4;||. We can then compute,
for a quadratic system ¢ € Ha[n] the norm ||¢||lcc = max||¢||cc- A naive approach to
compute each ||gi||o leads to an O(n*) cost for the computation of ||q||o as it uses O(n?)
operations to compute each ||¢;||. Proposition below shows we can do better. All in
all, we obtain the following result.

Theorem 5.9 (Solving Systems of Quadratic Equations). Algorithm finds
a common complex zero of a system of quadratic equations f € Ha[n] within O(n*>+%)
time on average, where w < 2.375 is the exponent of matrix multiplication.

Proposition 5.10. Let g € Hz[n] be a quadratic system such that for eachi, ¢; = XT A; X.
Then

C
lallse <

C
< Vnllalx

n
D ArA;
=1

where the norm || || in the middle formula is the usual operator norm. Moreover, the number
VISR A% A;|| can be computed with O(n't) operations, where w is the exponent of

matrix multiplication.

Proof of Theorem[5.9. By Proposition we can estimate the step-length of our homo-

topy
0.015[¢|S 0.06

If = glSM?(q,2) — [If — gl SDllalSID=g |2

by the smaller
0.06

1f = gllS V125 AT Al ID=g |2

where ¢ = (X7 A;X);. In doing so, the algorithm still terminates, but gets an extra factor
of v/n.

Now, || f — g|lsc can be computed in O(n*) operations at the beginning of the algorithm
a single time, so we don’t need to compute it in each iteration. By Proposition we
can compute /[|> 1, AFA;]| in O(n!™) operations, and, by [I3, Proposition 16.32], the
remaining arithmetic operations can be done in O(n?) operations. Combining this, with
the bound of Theorem and adding the extra factor \/n gives the desired estimate. [
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Proof of Proposition[5.10. By the so-called Autonne-Takagi factorization [35, Problem 33],
we have that

A; = U DU;
for some real diagonal matrix D; with non-negative entries and some unitary matrix U;.
Now, it is easy to check that

IS = 1D:l) = /1D Dl = \ /1 A3 Al <

where the last inequality follows from the fact that the operator norm is non-decreasing
with respect to the order of psd matrices. So ||q|$ < />, AfA;], as we wanted to
show.

For the other inequality, observe that

n n

Yol = | > UallS)® < ValldlS

i=1 =1

where the equality follows from reversing the equalities in the previously displayed formula.
This finish the proof of the inequalities.

For the computation, note that computing A} A; takes O(n“) operations, so computing
all the A¥ A; requires O(n'™) operations. Then adding the A} A4; requires O(n3) operations
and computing ||>" ; A*A4;|| another O(n?) operations. We thus get O(n'**) operations
in total, as we wanted to show. the multiplications A} A;. O

Remark 5.11. Observe that if we are allowed to perform the multiplication of the A} A; in
parallel, which requires only O(n) processors, we can bring the complexity of our homotopy
down to O(n%®) unconditionally on the value of w.

6 Extension to spaces of C'-maps

We now prove some condition number theorems for the space of C'-functions over S,
C'q] :== C(S™,R?). Note that C''[q] is not complete with respect || ||oo. Consider instead,
for f € Cq,

Dy
171k = max JIF @13 + D213z = \/nf 2 4 1=l

= T
This is a variant of the C'-norm and so one can show that C'[q] is complete with respect
to || ||ss- Let’s see how this norm looks like on an easy kind of C''-maps.

Ezample 6.1 (Linear functions). Let A € ¢ x (n + 1) be a linear matrix and consider the
map A € C'[q] given by = + Az. We can show that

Mllss = v/01(A)? + 02(A)?

where o1 and o9 are, respectively the first and second singular values. Recall that oy is
also the operator norm.

45



To see the above equality, note that

Al = \/A 2 1 || Aw|2.
Al = max /l140]3 + [ Au?

vlw

Since (Av Aw) has rank at most 2,

VIAIE + 1 Aw]3 = [[(Av Aw)[|, = \ou (4v Aw))*+ 02 (A0 Aw))*:

and, since (Av Aw) is an orthogonal projection, by the Interlacing Theorem for Singular
Values (c.f. [35), 3.1.3],

o1 ((Av Aw)) < 01(A) and o3 ((Av Aw)) < 02(A).

Hence || Al < v/01(A)2 + 02(A4)2. And we actually have equality as we can take v and

w to be, respectively, the 1st and 2nd (right) singular vectors of A.

6.1 Condition Number Theorems for C'[q]

Given z € S", we can consider the set of C'-maps whose zero set in S have a singularity
at z,
Zi[q] = {g € C’l[q] | g(x) =0, rankD,g < q}.

Similarly, we can consider the set of C'-maps having a singular zero,

2'g) == | Tild)

reSn
The following result shows a way to compute the distance of a C''-map to these sets.

Theorem 6.2 (Condition Number Theorem). Let f € Cl[q] and x € S", then

distss(f, S2la]) = \/1£(2)[2 + 04(Da f)?

and

St 1 o . 2 2
disteo(f, ='[g]) = min \/|lf(@)| + 04(D..f)
where distss is the distance induced by || ||ss and o4 is the qth singular value.

We call this result “Condition Number Theorem” as it is so for the following two
condition numbers for C''-maps:

1l
Kss(f,z) :=
VI @I+ (Do)

and
Kss(f) := sup Kss(f, ).

resSn

These condition numbers are very similar to K and one might try (but we won’t here)
to prove an analogous of Theorem for them when restricted to polynomial maps. For
C'-maps, instead, such a theorem would require dealing with multiple technical problems.
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For Kss(f), one has the following,

max { /[7@)[3+ "D fI§ | v € 8", a e 501 |

Kss(f) := :
min {/[7(2)[3+ "D, /I | v € &7, a e 591

This formula shows that Kss(f) is similar to the condition number associated to an oper-
ator norm of a linear map.

Proof of Theorem[6.2 Using the triangular inequality and that o, is Lipschitz with respect
to the operator norm, we can see that, for f, g € C'[q],

W 1£@)12 + 0g(Da)? =/ llg(@)[12 + 04(Dag)?| < 1 ~ gl

From here, we deduce that

VIF @I + 0g(Def)? < distss( £, Shfg)

by taking g € ¥1[q] and minimizing over the right-hand side. For the reversed inequality,

let
S1

D.f=U o|v
Sq

be the SVD of D, f, where U and V are orthogonal and 0 is the zero matrix.
Since orthogonal transformations leave invariant || ||ss, we can assume, without loss of
generality, that x = eg and that V is the identity matrix. Consider now

gi = fi — fi(e0)Xo — uigS¢Xq-
We have then that g € X} [g], since g(eg) = 0 and 04(Deog) = 0, and that
f=9=f(eo)Xo + squqeXg.

By arguing as in Example and noting that f(eg)Xo + squqX, has rank at most 2, we
have that

1f(e0)Xo + squqXqllss = H (f(QO) Squq) HF
= /17 (€0)l13 + lIsquall3 = /17 (€0) 12 + 0g(Dey )2/

Hence

distss(f, 5, a)) >[I = allss = /1 /(o) 2 + 04 (Dey )2

finishing the proof of the first equality.
The second equality follows immediate from the first one. O
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6.2 Structured Condition Number Theorem for C'[g]

Recall that, for d € N7, A is the diagonal ¢ x ¢ matrix whose diagonal is d. We consider
the following variant of || ||,

-1 A_’D v
1flls.a: —maX\/Hf 2)|3+ |A~2D,f|3, = max \/||f |2 + ! IIA7=D, foll3

= R

for f € C'[q]. The following example shows a class of functions for which this norm can
be computed exactly.

Ezample 6.3. Let
Moy = (aXg' + A2bXod; — 1X,) € HE[q).

Then, we can see that

[ Mapllss.a = 1Mapllw = +/llal* + [|b]]*

Indeed, by Proposition [2.2] we have that for all z € S™,

B 2
\/ 1Meol@) 3 + || A2 Do Moy || < 1Masllw-

Thus || Mg pllss,d < ||Map|lw, where we have equality for x = eo.

We can also associate to || ||ss.a, for f € C'[q] and x € S, the quantities

£l
is@e + o (a-t0s)’

K&,d(f) ‘= sup KE,d(fax)~

reS™

oodfx

and

For these variants of Kzs, we have the following structured condition number theorem for
perturbations by homogeneous polynomials.

Theorem 6.4 (Structured Condition Number Theorem). Let f € Cl[q], z € S"
and d € N?, then

st (1.5 0 (7 + 131a)) = /I @) + o, (A 4Dp)’

and

2
distoc.a (£, 2'[a] 1 (f + Hila)) ) = min J 1f@)]2 + 04 (A75D.f)
where distss q is the distance induced by || ||ss,a and o is the qth singular value.

Corollary 6.5. Let for d € N, f € H%[q], and z € S™. Then

distss d(f, Edm \/”f ||2 + 04 (A 2Dxf> = dlstw(f, Zdr[ ])

and

. 2
distss a(f, Xalg]) = 91616118% \/Hf(ﬂl?)H2 + o4 (A‘EDxf) = distw (f, Xalq])

where distss ¢ is the distance induced by || ||ss,q4 and oq4 is the qth singular value.

48



Note that the adjective ‘structured’ refers to the fact that we only allow perturbations
of f by C'-maps in 7—[5 [q]. However, we might still be interested in general perturbations.
If this is the case, we can get them using the relationship between || ||oc,q and || ||ss. We
will explore this more detail in the next subsection.

Proof of Theorem [6.4 This proof is almost the same than the one of Theorem We
only have to modify the part were we find an explicit minimizer for the distance. Again,

we write
S1

A“ID,f=U o|v
Sq

where s1,...,5, > 0, U and V are orthogonal and 0 is the zero matrix. Again, without
loss of generality, we assume that x = ep and that V is the identity. We consider

gi = fi — x5 " (fileo)Xo — Vit g5, X )
so that g € X% [q], as g(eg) = 0 and 04(Deyg) = 0, and
f—9= (fi(eO)X(C)li + \/dj'sqquq)

Because of Example for

)

h = (angf + \/djngi’le)‘ e HE[q),

we have that ||h||ss.a = /||all3 + [|b]|3. Hence,

dists a(f, L [a]) > 1 — gllso = /1 £(c0) |2 + og(A3D, 1)?

and the first equality follows. The second equality immediately follows from the first
one. O

Proof of Corollary (6.5, This is Theorem [6.5] together with [14, Theorem 4.4]. O

6.3 Relationship between norms

As it happens with K and x (see Subsection , the relations between the condition

numbers K, k, Kss and K g reduces to the relations between the corresponding norms.
We therefore prove the following propositions relating these norms. Note that for C![q],

we compare || |lss with || [|ss.d, and for H%[g], we compare || [|X, || [lw, || | and || ||ss.a-

Proposition 6.6. Let f € C'[q]. Then for all d,Zl e N9,

< | flls.a < [l fllss

1
m”f”&

and

)

d;

1

min 1,miin HfH@ﬁ <||fllss,a < max 1,mzax 7 HfH@ﬁ.
1
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Proposition 6.7. Let f € Hg[q]. Then the following inequalities hold:

\ﬁDHfHoo <If1% < Ifllssa < 1 flls (6.1)
ﬁ“f“@,d < |IflI% < | fllzs.a (6.2)
£ 115 < 11 fllss.a < I1flw (6.3)

Proof of Proposition[6.6. It is enough to show that

d:
|l < max 17“‘;‘”{\/; Vo

since the rest of inequalities are derived from this claim in an straightforward way. For the
latter, note that || ||ss = || |lss,n where 1 =(1,...,1).
Now, one can easily check that for A € R7*"™,

o, - i85t i
2,2 2,2

2,2 2,2 i d; 2,2

and that for a,b,t € R? that

Va2 + (th)? < max{l, [t|} v a? + b2.

Combining these bounds together, we get

¥ <max] 1,maxy JIr@Ie + | A,
— 2
272_max ,mzax 4 x =y,

and so the desired claim. O

JIs@ie + |a-in.g

Proof of Proposition[6.7. Arguing as in Proposition we can prove that, for all z € S™,

A™'D, f

o) <l + I,
)

eV I@IE+ D21, < max {170

and

s\ @I+ 1D

b, < wax{ 1@, [47Dus

V2¢D

< i@l + |a-ing]

Maximizing over z € S™ gives the inequalities in (6.1) and (6.2]).
It only remains to prove || f|lsc,a < ||fllw in (6.3). To do this, note that by Proposi-
tion for all x € S”,

J@ie+amiog|) < i

The result follows from maximizing over x € S”. O
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We finish with the following theorem, similar in flavour to [29, Proposition 3] and [11],
Theorem 7], where it was shown that the distance of a polynomial tuple to polynomial
tuples with singularities bounds the distance of this polynomial to C!-functions with
singularities.

Theorem 6.8. Let f € H%[q] and x € S™. Then
1 . . . .
—=distss(f, Zz[a]) < distos,a(f, Zalal) = distw (f, Za.la)) < distss(f, Zz[a)),
VD
and
s
VD

where distss and distss g are, respectively, the distances induced by || |lss and || ||ss,d-

distss(f, B'[q]) < distss,a(f, Zalg]) = distw (£, Balq)) < distss(f, 2 [4)),

Sketch of proof. The proof is similar to that of Proposition Arguing as there, we can
prove that for all x € S”,

1 9 _1 2 2 \/ _1 2
— < 2 < 2 :
L 1@ + 0y (5740.0)" < IR 1 00 (D29 < | IF@)E + 0 (273D, )
Minimizing over z € S and applying Theorems and Corollary we conclude. [
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