Algorithms for Fundamental Invariants and Equivariants

of a finite group

Evelyne Hubert
INRIA Méditerranée

MEGA 2021, e-Norway

Joint work with Erick Rodriguez Bazan, Inria Méditerranée

https://hal.inria.fr/hal-03209117

E. Hubert (Inria) 1/18


https://hal.inria.fr/hal-03209117

Algorithms for Fundamental Invariants and Equivariants

Q Invariants, equivariants, and symmetry adapted bases

E. Hubert (Inria) 2/18



Symmetry : groups and their representations

&4 : the symmetric group on 4 elements.
o(s1) =(12), o(s2) =(23), o(s3)=(34).

Represented in R* by 4 x 4 permutation matrices

01 0 0 1 0 0 0 1 0 0 0
1 0 0 0 0 0 1 0 01 0 o0
Pe)=1 9 o 1 o | PR=| o 1 o o | PB=| 09 o o 1
0 0 0 1 0 0 0 1 0 0 1 o0

T ¢ the group of symmetry of the tetrahedron

1 0 0 0 1 0 1 0
T(s1) | O 0 -1 |, ()= 1 0 0 |, 7(s3)= 0 o0
0 0 0 0 1 0

A3 : the order 24 group with generators s1, sp, s3 and relationships
2 2 2 2 3 2
st =55 =535 = (5153)° = (s152)° = (s2s3)° = 1.
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Invariants and equivariants S3

The invariants for G3 are
Si=x+y+z, S=yz+zx+Xy, S3=xyz
Ring of invariants: R[x]%* = R[sy, s», s3]

Dynamical systems with symmetry [Gatermann 01]
N2,

//
x = p(x) == /fﬁ\ >///
p(7(g)x) =7(g)p(x) = &% \\\

i \\\\\\\\\\
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Invariants and equivariants

S3

The invariants for G3 are

Si=x+y+2z = yzZ + zxX + Xy,

Ring of invariants: R[x

Dynamical systems with symmetry
% = p(x) p is a T-equivariant
R[x]$3 is a R[x]®3-module

Sum of squares:

I

S3 = xyz
= R[s1, 52, s3]

[Gatermann 01]

W G
= N >f///
= \

W
i \\\\\\\\\\

[Gatermann & Parillo 06]

Rty 2 —(yztzx+xy) =3 (y—2)+} (2x—y—2)
Symmetry adapted bases of the polynomial ring : main motivation.
4/18
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Symmetry adapted bases : the key to symmetry reduction

Symmetry is expressed by the equivariance of a map
¢ U= V" p(u(g)u) = v(g) d(u)

The matrix of an equivariant map is block diagonal in a s.a.b J
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Symmetry adapted bases : the key to symmetry reduction

Symmetry is expressed by the equivariance of a map

¢o: U=V, o(u(g)u) =r(g)o(u)

The matrix of an equivariant map is block diagonal in a s.a.b J
0:8 — GL,(C)
Q(g):R[Ql(g) 0 :| R_lz.”:Q Iy @ tD(g) ) Q_l
0 o02g) @)
¢, ..., t( the irreducible representations of &:

t(l)(g) = []_] 'C(g) N 6 — GLny((C)
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Symmetry adapted bases : the key to symmetry reduction

Symmetry is expressed by the equivariance of a map

¢o: U=V, o(u(g)u) =r(g)o(u)

The matrix of an equivariant map is block diagonal in a s.a.b J
0:8 — GL,(C)
Inm ® (g) ) W (g) ® Imy )
o(g) =Q Ql="pr p-
I ® t(Y(g) (g) ® I,
¢, ..., t( the irreducible representations of &:

t(l)(g) = []_] 'C(g) N 6 — GLny((C)

P provides a symmetry adapted basis for o
It is computed thanks to the projections (9 =37 __ ¢ (g7") o(g)
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Symmetry adapted bases of C[x] and basic equivariants

Global optimization [Gatermann Parillo], [Riener et al.] Approximation theory [Rodriguez & H. |,[Collowald & H.] Cryptography,
combinatorics, and other areas of mathematics. .. Physics, chemistry [Fassler Stiefels], [Muggli], [Cassam Chennai et al], ... J

Clx] =Clx1,. .., xn] p: 6 — GL,(C[x]q) p(g)(f) =foo(g™)

Cxlg=CKP ®...0cCKxY

C[X]Sf) spanned by q(le), . ,q%Z where qff) =[g ... @] € C[x]f?g)
The C[x]®-modules C[x]%y), - ., C[x]$y provide s.a.b. for C[x] J

Our contributions: Fundamental invariants and equivariants

From a s.a.b of C[x]<4 compute minimal generators for C[x]® and (C[x]f?f)

and these provide generators of (C[x]f for any representation 7.
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Algorithms for fundamental invariants and equivariants

finite groups

o Reflection groups : ideal interpolation along an orbit [rRodriguez Bazan, 1. 20]

The invariants are read on a H-basis of the ideal J of a generic orbit.
The equivariants on the s.a.b. of the orthogonal complement of J°.

o Free module generators over primary invariants

from the s.a.b. of an invariant complement of the ideal generated by the

primary invariants [Rodriguez Bazan, H. 19]
o Minimal set of generating invariants and equivariants (Molien free)

Computing invariants and equivariants degree by degree.
Constructing the Nullcone ideal N and the covariant algebra C[x]/N.
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Algorithms for Fundamental Invariants and Equivariants

(@ Reflection groups : fundamental equivariants by interpolation
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Symmetry preserving interpolation

.)\1,..../)\r1(C[X] —C fi. /\I(p):p(gl)
e Bases Py of C[x]q, 1 <d <r

Out :

® g1,...,q9, € C[x] span an interpolation space @ i.e,
A1(q) =m1, ..., Ar(g@) = nr has a unique solution g € Q
& det[Ai(q;)]; # 0
0 H={h1, ..., he} a basis of the ideal J = n;ker \;
Then Clx] =J® Q

v

H a Gl’ébner baSIS and qi,...,4r monomlals [Marineri Méller Mora 91]...
~~ Not canonical, breaks symmetry
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Symmetry preserving interpolation

In:
o \1,..., Ar:Clx] = C f.i. Xi(p) = p(&)
A=, A e
e Bases Py of Cl[x]q, 1 <d <r
Out :
® q1,...,qr € C[x] span the least interpolation space Q =A|

[de Boor, Ron 90s]

o0 H={hy, ..., hg} a H-basis of the ideal J = Njker \;
Then Clx] = J® Q and J° L Q

H = {hy,..., hy} is a H-basis of J iff H® = {h(l), .. .,hg} is a basis of JO,

where h? is the leading form of h € C[x].
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Symmetry preserving interpolation

®Ai,..., A1 Cx] = C fi. Ai(p) = p(&i)
A= (A1,...,A\)c is B-invariant  fi. &,..., & forms an orbit of &

e Symmetry adapted bases Py = | J, P((f) of Clx]g, 1 <d <r

Out : Then J, J°, Q are invariant

o Q=U, Q® a s.a.b of the least interpolation space Q = Ay

o H=J, H®) a symmetry adapted H-basis of J = N;ker\;
Then Clx] = J® Q and J° | Q

Relies on linear algebra in C[x]q, for d increasing (d < r).

The symmetry allows to block diagonalize the matrices involved.
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Interpolation along an orbit of ®3
M O —
3 @) [
7 1 0 1 V3
e BHORE

QW ={1}, Q¥ ={y(y* -3}, Q¥ = {[x.v]. [y* - x* 20/}

N|=

HO = {4y =5, x(*~3y%) =2}, H® =0, HO =9
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Interpolation along an orbit of ®3
M )
3 @) [
y 1 0] (1 V3
e ol o) ol 7

QW ={1}, Q¥ ={y(y* -3}, Q¥ = {[x.v]. [y* - x* 20/}

HO = {4y =5, x(*~3y%) =2}, H® =0, HO =9

Rlx, y]®* = RpC+y2, x(x*=3y%)],  Rlx,y|25 = y(y* — 3°)R[x, y]**

Rx, y]23 = [x. yIR[x,y]®* @ [y* — x*, 2xy | R[x, y]®?

E. Hubert (Inria) 10/18



Interpolation along a generic orbit for reflection groups

0:® — GL,(C) £eC" st. o(g)é)=¢ = g=1
0 J ={Ngee kere,(g)(e) the ideal of the orbit of £ :  dim C[x]/J = |&|
oheCx]® = h—hE)eJ N=(h|heC[x]®\C)c S

0:® — GL,(C) a reflection group

o C[x]® =Clhy,..., hi] N = (hy,... hy)
o C[x]/N, the covariant algebra, has dimension |&|

o (C[x]f?e) is a free module of rank n, over C[x]®

Hence J° = N.
* The computed H-basis of J is H = {h; — hi1(&), ..., h,, — ha(€) }

+ The computed s.a.b @ = J, Q) satisfies C[x] = N % (Q)c

2em Q) s a free basis for C[x],) as a C[x]®-module
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Algorithms for Fundamental Invariants and Equivariants

Q Fundamental equivariants from primary invariants
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Free bases of C[x]%, as C[h]-modules

0 ® — GL(C") J={h1,....h)
, ..., hy primary invariants if C[x]® is a free module over C[A]
o C[x]/J has dimension m|®| where m = |&|/[]; deg(h;)
o (C[x]f?g) is a free C[h]-module of rank mn, [Stanley 79]

Construction: Dade's algo. Degrees from Molien’s series. Invariants of a supgroup.
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Free bases of C[x]% as C[h]-modules

hi, ..., h, primary invariants if C[x]® is a free module over C[A]

o CI[x]/J has dimension m|®| where m = |&|/[]; deg(h;)

o (C[X]Szg) is a free C[h]-module of rank mn, [Stanley 79]
« J={(h,..., h,) and, from a G-basis, complement (x®1, ..., x% )¢

» Define A\1,...; A, by p=X(p)x®+ ... + A(p)x* mod J

« U, @® as.a.b. of the least interpolation space for A = (A1, ..., \/)¢
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Free bases of C[x]% as C[h]-modules

hi, ..., h, primary invariants if C[x]® is a free module over C[A]
o CI[x]/J has dimension m|®| where m = |&|/[]; deg(h;)
o (C[X]Szg) is a free C[h]-module of rank mn, [Stanley 79]

« J={(h,..., h,) and, from a G-basis, complement (x®1, ..., x% )¢
» Define A\1,...; A, by p=X(p)x®+ ... + A(p)x* mod J
« U, @® as.a.b. of the least interpolation space for A = (A1, ..., \/)¢
Then
« Q) = {s1,...,5m} is a set of secondary invariants, i.e.,
C[x]® = s1C[h] & ... ® s,C[H]
.« QU = { 52)7 .. ,q%?ll} is a free basis of (C[X]S?g) as C[h]-module
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ey
° .C(2) I:eizT"]

t® [e=1%]

@ @@ | 1 b% —ﬁJ

o hy = x*+y?, hy = x(x?>—3y?) are primary invariants (invariants of )
0 G= {x? + y?,xy?,x*} and normal set {1, x,y, xy, y?, y3}
o p— Ai(p) + Xa(p) x + A3(p) y + Aa(p) xy + As(p) y* + Xe(p) ¥

Qo LeaSt Intel’p0|atlon Sab for A - <A]_, ey )\6>R [Rodriguez Bazan & H. 19]

QW = {1, y(y* - )}, Q¥ = {[x.y], [y % 20/]}
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\ @ 1]
° t(2) [eiZT"]

@ [e=15]

1@ g ® | 1 F fﬁJ

o h1 = x%+y?, hy = x(x>—3y?) are primary invariants invariants of D3)
o G ={x?+y% xy% x*} and normal set {1,x,y, xy, y2, y3}

o p— Ai(p) + Aa(p) x + A3(p) y + Aa(p) xy + Xs(p) y* + Xe(p) y*
o Least interpolation s.a.b. for A = (A\1,..., Xe)r [Rodriguez Bazan & H. 19]

D ={1, y(y* -3}, Q¥ ={[x,y],[y* -, 2xy] }

R[x, y]® = R[h1, ho] @ y(y* — 3x*)R[hy, h]
R[x, Y]S5 = [x. yIR[A1, ho] @ [y — x*, 2xy| R[hy, o]
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Algorithms for Fundamental Invariants and Equivariants

@ Simultaneous computation of invariants and equivariants
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Basic ideas

Compute degree by degree

@ an minimal H-basis H of N = (h|h € C[x] \ C)

o asab. Q=J, QY of the orthogonal complement of N in C[x]
Then

o H={hi,..., hg} is a minimal generating set of invariants
o QU is a basis of (C[X]S?g) as a C[x]®-module .

Basically

o Cldy = Va(Ha1) & (Koo & (Ra)e
Vy(H) = > hen(ph| deg(p) + deg(h) = d)

0 Hg < Hg—1U Kg; Qd < Qi—1URy.
taking into account the p — 74 equivariance of W
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Fundamental invariants and equivariants

Algorithm
d:=0; R(gl) = {1},
do d«—d+1

o (C[X](l) :¢(1)(Hd—1) GLB (Kd><c

AL emma L

» Hy+ Hy_1 UKy, Qd — Q(e) Z)
until R = ¢
Output:

« H=1{hy,..., he} is a minimal generating set of invariants
« QY is a minimal basis of (C[X]S?g) as a C[x]®-module
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