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Polynomial Nonnegativity

Let A ⊂ Nn be a finite set of lattice points, and consider the set of real polynomials
supported on A:

R[A] ∶=

⎧⎪⎪
⎨
⎪⎪⎩

f (x) = ∑
α∈Af

fαxα
∣ Af ⊆ A and fα ∈ R

⎫⎪⎪
⎬
⎪⎪⎭

↝

xα ∶= ∏
n
i=1 x

αi
i

Af ∶= {α ∈ Nn
∣ fα ≠ 0}(support)

N(f ) ∶= conv(Af ) ⊂ Rn
(Newton Polytope)

Definition

A polynomial f ∈ R[A] is called nonnegative, if f (x) ≥ 0 for all x ∈ Rn.

• Nonnegativity of polynomials is studied clasically, see e.g., [Hil88].

• It is a significant notion in polynomial optimization, see e.g., [BPT12, Las10,
DKdW18, CS16].

• It has practical applications in scientific research, see e.g., [FKdWY20].
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Circuit Polynomials

In general, it is (NP) hard to check if a polynomial f ∈ R[x] is nonnegative.

Idea: Exploit the AM-GM inequality to certify nonnegativity [Hur91, Mot67, Rez89,
IdW16]. «

For any nonnegative real numbers p1, . . . , pn ∈ R≥0,

n

∑
i=1

pi ≥ n
⎛

⎝

n

∏
i=1

pi
⎞

⎠

1
n

.

↝M(x, y) = x4y2

²
p1

+ x2y4

²
p2

+ 1
®
p3

−3x2y2
≥ 0

Definition (Circuit Polynomial)

A polynomial p(x) =
n
∑
j=0

pα(j)x
α(j)

+ pβx
β
∈ R[x] is called a circuit polynomial if

(1) Ap = ∆ ∪ {β}, where ∆ = {α(0), . . . ,α(n)} ⊂ (2N)n is an affine independent, and lattice point

β ∈ conv(∆) ∩ Nn ,

(2) pα(j) > 0 for each α(j) ∈ ∆.

The circuit number Θp associated to p(x) is Θp ∶= ∏

⎛
⎜
⎝

pα(j)

λ
(β)
j

⎞
⎟
⎠

λ
(β)
j

, where λ(β)
= (λ

(β)
0

, . . . , λ
(β)
n ) is the

Barycentric coordinates of β w.r.t. ∆.
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An Example

Example (Motzkin Polynomial [Mot67], 1967)

M(x , y) = x4y2
+ x2y4

+ 1 − 3x2y2

λ(β) = ( 1
3
, 1

3
, 1

3
)↝ ΘM = ( 1

1
3

)

1
3
( 1

1
3

)

1
3
( 1

1
3

)

1
3
= 3

Theorem (de Wolff and Iliman, 2016 [IdW16])

A circuit polynomial p(x) is nonnegative iff ∣pβ ∣ ≤ Θp and β ∉ (2N)
n or

pβ ≥ −Θp and β ∈ (2N)
n.

If we fix the coefficients M(4,2) =M(2,4) =M(0,0) = 1 of M, then
M(x, y) is nonnegative ⇐⇒ M(2,2) ≥ −ΘM = −3

If M(i,j) are parameterized, then we get a symbolic condition for
nonnegativity in terms of the parameters.
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Chemical Reaction Networks

Reaction
network

ẋ = Nvκ(x)
Mass Action Kinetics

n

∑
i=1

ai,1Xi
κ1
ÐÐ→

n

∑
i=1

bi,1Xi

n

∑
i=1

ai,`Xi
κ`
ÐÐ→

n

∑
i=1

bi,`Xi

⋮⋮ ⋮

ẋ1 = κ1(b1,1 − a1,1)xai,1 + . . . + κ`(b1,` − a1,`)xai,`

ẋn = κ1(bn,1 − an,1)xai,1 + . . . + κ`(bn,` − an,`)xai,`↝ ↝ ẋ = N ⋅ vκ(x)

Stoichiometric Matrix ↝ N
Sto. Subspace ↝ S ∶= column span of N
Vector of Reaction Rates ↝ vκ(x)
Steady States ↝ V ∶= {x ∈ Rn

≥∣ Nvκ(x) = 0}
Sto. Compatibility Class ↝ x(0) + S

Ð→ Each solution trajectory of the ODE given by the starting
point x(0), is confined to the affine space x(0) + S ⊂ R2 .

Ð→ For a full rank row reduced matrix W ∈ Z(n−rank(N))×n such
that WN = 0, W x = c ∶=W x(0) for all x ∈ x(0) + S.

Ð→ x(0) + S ↝ Pc ∶= {x ∈ Rn
>0∣W x = c} for some c ∈ Rn−rank(N)

Let Cκ,c ∶= {x ∈ Rn
>0 such that Nvκ(x) = 0 and W x = c} for a given network with

stoichiometric matrix N

○ If ∣Cκ,c ∣ = 1 for all κ ∈ R`>0 and c ∈ Rn−rank(N) Ð→ the system precludes
multistationarity.

○ If ∣Cκ,c ∣ > 1 for some κ ∈ R`>0 and c ∈ Rn−rank(N) Ð→ the system enables
multistationarity.
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X1
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2X2
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2
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↝ ↝ ẋ = [
ẋ1

ẋ2
] = [

−1 2 −1
1 −2 1

]

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
N

⎡
⎢
⎢
⎢
⎢
⎢
⎣

κ1x1

κ2x
2
2

κ3x1x2

⎤
⎥
⎥
⎥
⎥
⎥
⎦

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
vκ(x)

n

∑
i=1

ai,1Xi
κ1
ÐÐ→

n

∑
i=1

bi,1Xi

n

∑
i=1

ai,`Xi
κ`
ÐÐ→

n

∑
i=1

bi,`Xi

⋮⋮ ⋮

ẋ1 = κ1(b1,1 − a1,1)xai,1 + . . . + κ`(b1,` − a1,`)xai,`

ẋn = κ1(bn,1 − an,1)xai,1 + . . . + κ`(bn,` − an,`)xai,`↝ ↝ ẋ = N ⋅ vκ(x)

Stoichiometric Matrix ↝ N
Sto. Subspace ↝ S ∶= column span of N
Vector of Reaction Rates ↝ vκ(x)
Steady States ↝ V ∶= {x ∈ Rn

≥∣ Nvκ(x) = 0}
Sto. Compatibility Class ↝ x(0) + S

Ð→ Each solution trajectory of the ODE given by the starting
point x(0), is confined to the affine space x(0) + S ⊂ R2 .

Ð→ For a full rank row reduced matrix W ∈ Z(n−rank(N))×n such
that WN = 0, W x = c ∶=W x(0) for all x ∈ x(0) + S.

Ð→ x(0) + S ↝ Pc ∶= {x ∈ Rn
>0∣W x = c} for some c ∈ Rn−rank(N)

Let Cκ,c ∶= {x ∈ Rn
>0 such that Nvκ(x) = 0 and W x = c} for a given network with

stoichiometric matrix N

○ If ∣Cκ,c ∣ = 1 for all κ ∈ R`>0 and c ∈ Rn−rank(N) Ð→ the system precludes
multistationarity.

○ If ∣Cκ,c ∣ > 1 for some κ ∈ R`>0 and c ∈ Rn−rank(N) Ð→ the system enables
multistationarity.
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Stoichiometric Matrix ↝ N
Sto. Subspace ↝ S ∶= column span of N
Vector of Reaction Rates ↝ vκ(x)
Steady States ↝ V ∶= {x ∈ Rn

≥∣ Nvκ(x) = 0}
Sto. Compatibility Class ↝ x(0) + S

Ð→ Each solution trajectory of the ODE given by the starting
point x(0), is confined to the affine space x(0) + S ⊂ R2 .

Ð→ For a full rank row reduced matrix W ∈ Z(n−rank(N))×n such
that WN = 0, W x = c ∶=W x(0) for all x ∈ x(0) + S.

Ð→ x(0) + S ↝ Pc ∶= {x ∈ Rn
>0∣W x = c} for some c ∈ Rn−rank(N)

● Recall the toy example:
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⎡⎢⎢⎢⎢⎢⎢⎣

κ1x1
κ2x

2
2

κ3x1x2

⎤⎥⎥⎥⎥⎥⎥⎦

● V = {x ∈ R2
>0 ∣ −κ1x1 + 2κ2x

2
2 −κ3x1x2 = 0}
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Stoichiometric Matrix ↝ N
Sto. Subspace ↝ S ∶= column span of N
Vector of Reaction Rates ↝ vκ(x)
Steady States ↝ V ∶= {x ∈ Rn

≥∣ Nvκ(x) = 0}
Sto. Compatibility Class ↝ x(0) + S

Ð→ Each solution trajectory of the ODE given by the starting
point x(0), is confined to the affine space x(0) + S ⊂ R2 .

Ð→ For a full rank row reduced matrix W ∈ Z(n−rank(N))×n such
that WN = 0, W x = c ∶=W x(0) for all x ∈ x(0) + S.

Ð→ x(0) + S ↝ Pc ∶= {x ∈ Rn
>0∣W x = c} for some c ∈ Rn−rank(N)

Let Cκ,c ∶= {x ∈ Rn
>0 such that Nvκ(x) = 0 and W x = c} for a given network with

stoichiometric matrix N

○ If ∣Cκ,c ∣ = 1 for all κ ∈ R`>0 and c ∈ Rn−rank(N) Ð→ the system precludes
multistationarity.

○ If ∣Cκ,c ∣ > 1 for some κ ∈ R`>0 and c ∈ Rn−rank(N) Ð→ the system enables
multistationarity.

6 / 16



n-site Phosphorylation

S0 + E
κ1
ÐÐ⇀↽ÐÐκ2

ES0
κ3
ÐÐ→ S1 + E ÐÐ⇀↽ÐÐ ⋯ ÐÐ→ Sn−1 + E

κ6n−5
ÐÐÐ⇀↽ÐÐÐκ6n−4

ESn−1
κ6n−3
ÐÐÐ→ Sn + E

Sn + F
κ6n−2
ÐÐÐ⇀↽ÐÐÐκ6n−1

FSn
κ6n
ÐÐ→ S1 + F ÐÐ⇀↽ÐÐ ⋯ ⋯ ÐÐ→ S1 + F

κ4
ÐÐ⇀↽ÐÐκ5

FS1
κ6
ÐÐ→ S0 + F

(1)

[Biochemical Reaction Networks: An Invitation to Algebraic Geometers, Alicia Dickenstein]
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Identifying Multistationarity

Theorem ([CFMW17] 2017, Feliu-Kaihnsa-de Wolff- Y. 2021)

Let κ ∈ R6n
>0 be a vector of reaction rate constants for the n-site phosphorylation cycle. There

exists a polynomial p(x1, x2, x3) whose coefficients are parameterized by κ and variables are given

as x1 = [E] + ∑n−1
i=0 [ESi ], x2 = [F ] + ∑n−1

i=0 [FSi ], x3 = ∑n
i=0[Si ] + ∑n−1

i=0 [ESi ] + [FSi ] such that

● if p(x) > 0 for all x ∈ R3
>0, then κ precludes multistationarity, and

● if p(x) < 0 for some x ∈ R3
>0, then κ enables multistationarity.

2-site (De-)Phosphorylation Cycle

S0+E
κ1ÐÐ⇀↽ÐÐ
κ2

ES0

κ3ÐÐ→ S1+E
κ7ÐÐ⇀↽ÐÐ
κ8

ES1

κ9ÐÐ→ S2+E

S2+F
κ10ÐÐ⇀↽ÐÐ
κ11

FS2

κ12ÐÐ→ S1+F
κ4ÐÐ⇀↽ÐÐ
κ5

FS1

κ6ÐÐ→ S0+F

Ki ∶=
κ6i+1

κ6i+2+κ6i+3
,Li ∶=

κ6i+4
κ6i+5+κ6i+6

, for i = 0, . . . , n−1

K−1
i ,L−1

i ↝ Michaelis-Menten constants

Ti ∶=
κ6j+3Kj
κ6j+6Lj

for i = 0, . . . , n − 1, and T−1 ∶= 0

ai ∶= KiTi−1, bi ∶= LiTi , ci ∶= Ti for i = 0, . . . , n − 1

p(x) = 1 + (−a0b1 + a1b0) x1x2
2
x3 + (−a0b1 + a1b0) x1x2x3 + (a1 + b1) x1x2 + (a0 + b0) x1 + c1 (−a0b1 + a1b0) x2

4
x3

2 + b1c1x2
4
x3 + 2 b0c1x2

3
x3

+ c0 (−a0b1 + a1b0) x2
3
x3

2 + (−a0b1 + a1b0) x2
2
x3

2 + (−a0c1 + a1c0 + b0c0 − b1) x2
2
x3 + c1x2

2 + 2 a1x2x3 + c0x2 + a0x3
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2-site (De-)Phosphorylation Cycle

S0+E
κ1ÐÐ⇀↽ÐÐ
κ2

ES0

κ3ÐÐ→ S1+E
κ7ÐÐ⇀↽ÐÐ
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ES1

κ9ÐÐ→ S2+E
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κ10ÐÐ⇀↽ÐÐ
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K−1
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Ti ∶=
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2 + 2 a1x2x3 + c0x2 + a0x3
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α4

α1 α2

α3
c

γ1 γ2

β1

β2
Assume that a1b0 − a0b1 > 0, and consider

pτ ∈ R[Ap] ↝ the restriction of p to the hexagonal face of N(p)

Kaihnsa, Feliu, de Wolff, Y. (2020) [FKdWY20]:

• Find a symbolic nonnegativity condition for pτ in terms

of its coefficients via circuit polynomials.
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)
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3 ↝ −pc ≤ Θ1
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multistationarity regions for 2-site phosphorylation.
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of its coefficients via circuit polynomials.

α1,α3,α5, c ↝ Θ1 = 3(pα1
pα3

pα5
)

1
3 ↝ −pc ≤ Θ1

• Parameterization of the boundary between mono and

multistationarity regions for 2-site phosphorylation.

• Connectivity of mono and multistationarity regions.
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The Newton Polytope for n-site

Theorem (Feliu, Kaihnsa, de Wolff, Y. 2021+)

For any n, the set of vertices of the Newton polytope N(pη) of the polynomial pη
consists of the following 10 points:

{(0, 0, 0), (0, n, 0), (0, 0, 1), (0, 2n, 1), (0, 2, 2), (0, 3n − 2, 2), (1, 0, 0), (1, n − 1, 0), (1, 1, 1), (1, 2n − 2, 1)} .
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{(0, 0, 0), (0, n, 0), (0, 0, 1), (0, 2n, 1), (0, 2, 2), (0, 3n − 2, 2), (1, 0, 0), (1, n − 1, 0), (1, 1, 1), (1, 2n − 2, 1)} .

Proof Idea: pη is of degree 2 in the variable x3. Compute the contribution of
each polygonal sections Pi ∶= {(x1, x2, x3) ∈ N(pη) ∣ x3 = i} for i = 0,1,2, and
reconstruct the vertices from these sections.
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The Newton Polytope for n-site

Ð→ 10-site

Let Mκ ∶= [
κ3 κ9 . . . κ6n−3
κ6 κ12 . . . κ6n

].

Sign of each yellow point ↝ sign of κ6i+3κ6j+6 − κ6i+6κ6j+3 for some i, j ∈ {0, . . . ,n − 1}
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The Newton Polytope for n-site

Ð→ 10-site

Let Mκ ∶= [
κ3 κ9 . . . κ6n−3
κ6 κ12 . . . κ6n

].

Sign of each yellow point ↝ sign of κ6i+3κ6j+6 − κ6i+6κ6j+3 for some i, j ∈ {0, . . . ,n − 1}

If κ6i+3κ6i+12 − κ6i+6κ6i+9 > 0 for all i , then it is enough to consider the restriction of p to the hexagonal face.

10 / 16



Circuit Covers

FIn 3-site, consider the hexagonal face, and six circuits defined by two triangles and three red
points.

We define three circuit polynomials for each triangle, and distribute the coefficient of p at
each αi evenly to these circuit polynomials. For example, for ι1 we have the polynomials

C
ι1
∆1

∶= coef(p,α1)xα1 + coef(p,α2)xα2 + coef(p,α3)xα3 + c1,α1
xι1

We write the circuit conditions corresponding to C
ι1
∆1

and C
ι1
∆2

:

Θ
∆1
1

= (
1

4
)

4
10

(
a1b0 − a0b1

4
)

4
10

(
b2c2

2
)

2
10

(
10

3
), Θ

∆2
1

= (
a0

8
)

6
10

(
c2

2
)

2
10

(
c2(a2b1 − a1b2)

2
)

2
10

(
10

3
),

Ri ∶= {κ ∈ R6n
>0 ∣ coef(P, ιi ) ≥ −Θ

∆1
i

−Θ
∆2
i

}

Feliu, Kaihnsa, de Wolff, Y.(2021+): For n-site,

• 2n − 3 points with (possibly) negative signs

• Ri ≠ ∅, for i ∈ {1, . . . , 2n − 3}

• ⋂
2n−3
i=1 Ri ≠ ∅
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Concluding Remarks

Further remarks about ongoing work:

Ð→ Inequalities that define Ri can be improved by considering additional circuit
polynomials constructed from the remaining positive points in the hexagonal face.

Ð→ Connectivity of the multi/monostationarity regions are also investigated.

Remarks about possible follow up works:

Ð→ Describe the region of multi/mono stationarity for n-site under different condi-

tions on the minors of Mκ = [
κ3 κ9 . . . κ6n−3
κ6 κ12 . . . κ6n

].

Ð→ Consider other such chemical reaction networks, and study the polynomial whose
sign is associated to multi/monostationarity using similar techniques.

Ð→ Similar symbolic nonnegativity certification techniques can further be applied to
other important problems in CRNT, e.g., Routh-Hurwitz criterion for determining
the Hopf bifurcations [TF20, CMS19].
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Thank you for your attention
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