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Polynomial Nonnegativity

Let A c N" be a finite set of lattice points, and consider the set of real polynomials
supported on A:
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supported on A:

x* =TI, xl.ai
R[A] := {f(x) = Z fax® | ArcAand fy € R} ~ Api={a e N" | fo # 0} o)

aEAf N(f) = COﬂV(Af) C ]Rn(Newton Polytope)

Definition

A polynomial f € R[A] is called nonnegative, if f(x) >0 for all x e R".

e Nonnegativity of polynomials is studied clasically, see e.g., [Hil88].
e It is a significant notion in polynomial optimization, see e.g., [BPT12, Las10,

DKdW18, CS16].
e It has practical applications in scientific research, see e.g., [FKdWY20].

3/16



Circuit Poly

4/16



Circuit Polynomials

Idea: Exploit the AM-GM inequality to certify nonnegativity [Hur91, Mot67, Rez89,
IdW16].
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Circuit Polynomials

In general, it is (NP) hard to check if a polynomial f € R[x] is nonnegative.

Idea: Exploit the AM-GM inequality to certify nonnegativity [Hur91, Mot67, Rez89,
IdW16]. 5«

For any nonnegative real numbers p;y, ..., pn € Rxq,
1
¢ L n “TM(x,y) = x*y? + X2yt +1 -3x%y% >0
2. pi2n|Tpi -
i=1 i=1 P Py P3

Definition (Circuit Polynomial)

n .
A polynomial p(x) = X pa(j)xa(n + pBXB € R[x] is called a circuit polynomial if
j=0
(1) Ap=Au{B} where A ={x(0),...,a(n)} c (2N)" is an affine independent, and lattice point
B e conv(A) nN",
(2) Pa(jy > 0 for each ax(j) € A.
A(B)
J

The circuit number ©, associated to p(x) is ©p := [] ( po(‘g)) ) , where A(B) = (Aéﬁ)a ) /\,(/8)) is the
A
J

Barycentric coordinates of 3 w.r.t. A.
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An Example

Example (Motzkin Polynomial [Mot67], 1967)

M(x,y) = x*y? + x?y* +1 - 3x2y?
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An Example

Example (Motzkin Polynomial [Mot67], 1967)

M(x,y) = x*y? + x?y* +1 - 3x2y?

1

1 1
11 1 1\3(1\3(1)3 i
A(ﬁ):(@?ﬁ)'qe’”:(?) (?) (?) =3

Theorem (de Wolff and lliman, 2016 [IdW16])

A circuit polynomial p(x) is nonnegative iff |pg| < ©, and 3 ¢ (2N)" or
pg > -0, and B € (2N)".
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M(x,y) = x*y? + x?y* +1 - 3x2y?

1

1 1
11 1 1\3(1\3(1)3 i
A(ﬁ):(@?z)'qe’”:(?) (?) (?) =3

Theorem (de Wolff and lliman, 2016 [IdW16])

A circuit polynomial p(x) is nonnegative iff |pg| < ©, and 3 ¢ (2N)" or
pg > -0, and B € (2N)".

If we fix the coefficients M4 2y = M(3 4y = Mg 0y =1 of M, then
M(x,y) is nonnegative <= M, ) > -Oy = -3
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An Example

Example (Motzkin Polynomial [Mot67], 1967)

M(x,y) = x*y? + x?y* +1 - 3x2y?

1 1 1
11 1 1\3(1\3(1)3 i
A(ﬁ)=(§’§’§)'\7@’”:(§) (?) (?) =3

Theorem (de Wolff and lliman, 2016 [IdW16])

A circuit polynomial p(x) is nonnegative iff |pg| < ©, and 3 ¢ (2N)" or
pg > -0, and B € (2N)".

If M; jy are parameterized, then we get a symbolic condition for
nonnegativity in terms of the parameters.
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Chemical Reaction Networks

R ' Mass Action Kinetics :
eaCtlon--------------------* X:NVK(X)
network

X, =5 X,
2Xo —252X1 ~»
X1 + X2 L 2X2

) 2
X1 = —K1X1 + 2KoX5 — K3X1X2

) 2
X2 = K1X1 — 2K2X> + K3X1X2
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Chemical Reaction Networks

R ' Mass Action Kinetics :
eaCtlon--------------------* X:NVK}(X)
network

X1 — X,

. 2
. X1 = —K1X1 + 2KoX5 — K3X1X2 : _ _ K1Xx1
2Xo — 2X; ~ ~ry X = [Xl] = [ 1 2 1] [ /4,2X22

V. I, P 1 -2 1
s X2 = K1X1 RK2Xo + K3X1X2 K3X1X2
X1 + X2 _—> 2X2

;\(, —_—
Vi (%)
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Chemical Reaction Networks

Reaction V25 Action KInetics o &y ()

network
n K1 n
Zai,lXi — Zbi,lxi
i=1 i=1 X1—l<&1(b11—31 1)X'1 + ... +I€g(b1’g—alag)xai’£
. - i1 - .0
Za’ EX Zb/ eX X = k1(bn1 a,,,l)x + oo + Re(bp e —ane)x
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Chemical Reaction Networks

i Mass Action Kinetics :
ReaCtlon--------------------* X:NVK}(X)
network

bi 1 X;

n
=1 )'q = lil(bl,l - al,l)xa"’l + ... + Hg(bl’g — al,g)xa"ae

n
K1
aj 1 Xi —
-1

1

1
: x=N-ve(x)

n : ky U A _ a1 o o a; g K

Z a; ¢ X; AN Z by o Xi Xp = K1(bp1—an1)x"HY + .00+ kp(by s —a, 0 )xT

i=1 i=1

Stoichiometric Matrix ~ N

Sto. Subspace ~» S := column span of N
Vector of Reaction Rates ~» v, (x)

Steady States ~ V := {x e R]| Nv,.(x) = 0}
Sto. Compatibility Class ~ x(0) + S
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Chemical Reaction Networks

Reaction _ IM2ss Action KINEHEs o & pv(x)

network
n K1 n
> aj1Xi — > b1 X
i=1 . i=1 )'<1 = lﬁl(bl,l — 31’1)Xa'.’1 + ... + H[(bl_( — al’g)xa"vﬁ .
: x=N-vg(x)

n P R N S O _ aj 1 0 V22
> ai e X — S bieXi K1(bn,1 —an1)x B + oo+ k(b o —a,0)x7

=1 i=1
Stoichiometric Matrix ~ N —> Each solution trajectory of the ODE given by the starting
Sto. Subspace ~ S = column span of N point x(0), is confined to the affine space x(0) + S c R?
Vector of Reaction Rates ~ v, (x) For a full rank row reduced matrix W e Z("—rank(N))xn oy

Steady States ~ V := {X eRJ | Nvi (x) = 0} that WN =0, Wx = ¢ := Wx(0) for all x e x(0) +S.
Sto. Compatibility Class ~ x(O) +S k(N
— x(0) +S ~ P := {x e RI)|Wx = c} for some c e R"™ rank(N)
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Chemical Reaction Networks

Reaction__ IM2ss Action KINEtes o & ny(x)

network

n
K1
ai1X;i — > bj1X;
i=1 i=1 x| = lﬁl(bl,l - al,l)xa"’l + ... + H/f(blip — alA/i)Xaivﬁ .
oot b~y . ~ x=N-vg(x)

n
7,;l)xa"’l + oo + rp(byo— a,w,)xa’ﬂ

Each solution trajectory of the ODE given by the starting
point x(0), is confined to the affine space x(0) + S c R? .

For a full rank row reduced matrix W e Z("—rank(N)xn g, ch

that WN =0, Wx = ¢ := Wx(0) for all x € x(0) + S.
- x(0)+S ~P.i={xc¢ Rgolwx = ¢} for some c ¢ R7—rank(N)

( A

o Recall the toy example:
X
P Y | e
Tl Tl 2 ]| P22
RZGID

oV = {x € R§0| —K1X] +2/£2x§ — K3X1Xp = 0}

CLEERCLEREC L EERL oW=[11]M'PC={xeRio|xl+x2:c}forsomece]R.

J
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Chemical Reaction Networ

Reaction _ IMass Action KInelics o & wy ()

network

n K1 n

> aj1Xi — > b1 X

i=1 . i=1 )'(1 = I<51(b1,1 - a1,1)xai’1 + ... + /ig(blyg - alyg)xa""f . N ( )

L S S S S _ 3,1 - ae XTI VelX

> aieXi LR SobiX; T R1(bn,1 = an )Xt 4 oo (by e = an )X

j= i=1
Stoichiometric Matrix - N — Eaf:ht so(lg;clo_n trajfctcc)lr{ o:htheff_ODE given lay thse stﬂzgtmg
Sto. Subspace ~r S := column span of N point x(0), is confined to the affine space x(0) + S c R* .
Vector of Reaction Rates ~ v, (x) For a full rank row reduced matrix W e Z{"rank(N)xn o cp

Steady States ~ V := {x e R]| Nv, (x) 0} that WN =0, Wx = ¢ := Wx(0) for all x € x(0) +S.
Sto. Compatibility Class ~ x(0) + S —rank(N
— x(0) + S ~ P := {x € R"y|Wx = ¢} for some ¢ € R""<(M)
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n-site Phosphorylation

---%snﬁf 5, s,
Kén-4
(1)

Sn+F FSn K6n 51+F—\ ...... —)51+FT‘_‘:FS]_LSO+F

Kén—

. e e &

E

[Biochemical Reaction Networks: An Invitation to Algebraic Geometers, Alicia Dickenstein]
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|dentifying Multistationarity

Theorem ([CFMW17] 2017, Feliu-Kaihnsa-de Wolff- Y. 2021)

Let k € R%] be a vector of reaction rate constants for the n-site phosphorylation cycle. There
exists a polynomial p(xi,x2, x3) whose coefficients are parameterized by « and variables are given
as x1 = [E] + £I5[ESi], x2 = [F]+ T/ [FSi], x3 = £1[Si] + £/ [ESi] + [FS;] such that

e ifp(x)>0 for all x € ]RZO, then K precludes multistationarity, and

3

e if p(x) <0 for some x € R,

then k enables multistationarity.
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exists a polynomial p(xi,x2, x3) whose coefficients are parameterized by « and variables are given
as x1 = [E] + £I5[ESi], x2 = [F]+ T/ [FSi], x3 = £1[Si] + £/ [ESi] + [FS;] such that

e ifp(x)>0 for all x € ]RZO, then K precludes multistationarity, and

3

e if p(x) <0 for some x € R,

then k enables multistationarity.

The polynomial p is given by det(J), where

1+ 3070 (i + 1) @ by - Vi iaiay ey ST @i 1z
T = 3o (i + 1) by s 13y by Xisy bimaa

-1+ Z?:_Ol(z + 1) eartab ey -1 - 2::01(1 + 1)z tab ey 1+ Z?:_Ol ci st
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|dentifying Multistationarity

Theorem ([CFMW17] 2017, Feliu-Kaihnsa-de Wolff- Y. 2021)

Let k € R% be a vector of reaction rate constants for the n-site phosphorylation cycle. There
exists a polynomial p(xi,x2, x3) whose coefficients are parameterized by « and variables are given
as x1 = [E]+ 270 [ESi], x2 = [F]1+ X010 [FSi], x3 = 20o[Si]+ X0 [ESi] + [FSi] such that

e ifp(x)>0 for all x € ]Rio, then K precludes multistationarity, and

3
>0

2-site (De-)Phosphorylation Cycle

50+E:=; oy 51+E:=; ES; =%, S, +E

e if p(x) <0 for some x € RZ,, then Kk enables multistationarity.

52+F —“:% F52 —>K12 51+F —“:—i F51 _)/-a(, 50+F
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Theorem ([CFMW17] 2017, Feliu-Kaihnsa-de Wolff- Y. 2021)

Let k € R% be a vector of reaction rate constants for the n-site phosphorylation cycle. There
exists a polynomial p(xi,x2, x3) whose coefficients are parameterized by « and variables are given
as x1 = [E] + £I5[ESi], x2 = [F]+ T/ [FSi], x3 = £1[Si] + £/ [ESi] + [FS;] such that

o ifp(x)>0 forall x e ]Rio, then k precludes multistationarity, and

e if p(x) <0 for some x € Rio, then k enables multistationarity.

2-site (De-)Phosphorylation Cycle ( K. = K6i+1 L= K6i+d

3 g ,fori=0,..
I+ I+ i+5 i+
' Rei2tREi+3 T K6i+5TR6i+6 ’
K; 1, L 1, Michaelis-Menten constants
50+E=E50—>51+E=E51—>52+E K
w2 rg e NI 10T AP
i Reiel; OM!I=
6j+6%j
k10 12 kq K6
S>+F —‘T FS, — S1+F —‘T FS; — 50+F
11 5

aj = K,'T;_]_, b,' = L,'T,',C,' = T,' fori=0,...,n—1

&

|\

.,n=1

,...,n—=1and T_1:=0
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|dentifying Multistationarity

Theorem ([CFMW17] 2017, Feliu-Kaihnsa-de Wolff- Y. 2021)

Let k € R% be a vector of reaction rate constants for the n-site phosphorylation cycle. There
exists a polynomial p(xi,x2, x3) whose coefficients are parameterized by « and variables are given
as x1 = [E]+ 270 [ESi], x2 = [F]1+ X010 [FSi], x3 = 20o[Si]+ X0 [ESi] + [FSi] such that

o if p(x) >0 for all x e R

>0

o if p(x) <0 for some x e R3,

then k precludes multistationarity, and

then Kk enables multistationarity.

2-site (De-)Phosphorylation Cycle
50+E \I{__2\ ESO — 51+E “‘=8 ESl — 52+E

52+F—‘\:% F52 —>12 51+F—“:—; F51 —>H6 50+F

|\

&

\
K6i+1 _ K6i+4
K6i+2TR6j+3 K6i+5+H6/+6

Kl._l, Li_l ~» Michaelis-Menten constants

= ,fori=0,...,n-1

kg3 K;
:L‘?’L{forizo,...,n—l,and T_1:=0
R6j+65)

aj = K,'T;_]_, b,' = L,'T,',C,' = T,' fori=0,...,n—1

p(x) =1+ (—apgh, + albo)xlx22x3 + (—aghy + arby) x1xox3 + (ay + by) xyx2 + (a9 + by) x1 + ¢ (—aghy + a1 by) X24X32 + b1c1x24x3 +2 b0c1x23x3

2 22 2 2
+ o (—aghy + a1by) x23x3 + (—agby + a1by) " x3° + (—apgcy + a1¢y + bycg — b)) X2 x3 + c1x0” +2a1x0x3 + X + X3
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Theorem ([CFMW17] 2017, Feliu-Kaihnsa-de Wolff- Y. 2021)

Let k € ]RS’('J be a vector of reaction rate constants for the n-site phosphorylation cycle. There
exists a polynomial p(xi,x2, x3) whose coefficients are parameterized by « and variables are given
as x1 = [E]+ 270 [ESi], x2 = [F]1+ X010 [FSi], x3 = 20o[Si]+ X0 [ESi] + [FSi] such that

o ifp(x)>0 forall x e ]Rio, then k precludes multistationarity, and

e if p(x) <0 for some x € Rio, then k enables multistationarity.

2-site (De-)Phosphorylation Cycle
50+E \K'/__2\ ESO — 51+E “‘=8 ESl — 52+E

52+F—‘\:% F52 —>12 51+F—“:—; FSl —>H6 50+F
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&

o F6i+l .. R6it4
' Keiy2trEi43 7 T KEi15TRGi16
Ki_l, Li_l ~» Michaelis-Menten constants

,fori=0,..

o L/

= ...,n—=1and T_1:=0
r6j+6L] U !

aj = K,'T,'_]_, b,' = L,'T,',C,' = T,' fori=0,...,n—1

.,n-1

p(x) =1+ (—apgh, + albo)xlx22x3 + (—aghy + arby) x1xox3 + (ay + by) xyx2 + (a9 + by) x1 + ¢ (—aghy + a1 by) ><24><32 + b1c1x24x3 +2 b0c1x23x3

2 22 2 2
+cg (—aghy + a1 by) x23x3 + (—agby + a1by) " x3° + (—apgcy + a1¢y + bycg — b)) X2 x3 + c1x0” +2a1x0x3 + X + X3

N

[ Conradi,Mincheva (2019) [CM14]: If a; by —agb; < 0, then the system precludes multistationarity as p(x) can be negative.]
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Reduction Lemma

Lemma

Let p € R[x] be a multivariate polynomial. Given a face T of N(p), let
pr(x) be the restriction of p(x) to the monomials supported in the face.

Then for any x* € RY, there exists y* € Rl such that

sign(p(y™)) =sign(p-(x7)).
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The Newton Polytope for n-site

Theorem (Feliu, Kaihnsa, de Wolff, Y. 2021+)

For any n, the set of vertices of the Newton polytope N(p,) of the polynomial p,
consists of the following 10 points:

{(0,0,0), (0, n,0),(0,0,1),(0,2n,1),(0,2,2),(0,3n-2,2),(1,0,0),(1,n-1,0),(1,1,1),(1,2n—-2,1)}.
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The Newton Polytope for n-site

Theorem (Feliu, Kaihnsa, de Wolff, Y. 2021+)

For any n, the set of vertices of the Newton polytope N(p,) of the polynomial p,
consists of the following 10 points:

{(0,0,0), (0, n,0),(0,0,1),(0,2n,1),(0,2,2),(0,3n-2,2),(1,0,0),(1,n-1,0),(1,1,1),(1,2n—-2,1)}.

Proof Idea: py is of degree 2 in the variable x3. Compute the contribution of
each polygonal sections P; := {(x1,x2,x3) € N(pp)| x3 =i} for i = 0,1,2, and
reconstruct the vertices from these sections.
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The Newton Polytope for n-site

Theorem (Feliu, Kaihnsa, de Wolff, Y. 2021+)
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Circuit Covers

FIn 3-site, consider the hexagonal face, and six circuits defined by two triangles and three red
points.
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FIn 3-site, consider the hexagonal face, and six circuits defined by two triangles and three red
points.

We define three circuit polynomials for each triangle, and distribute the coefficient of p at
each «; evenly to these circuit polynomials. For example, for 11 we have the polynomials
L
CAI1 := coef (p, 1) x™1 + coef (p, a2)x*2 + coef (p, 3)x™3 + c1 oy X*1

We write the circuit conditions corresponding to Cgll and C212:

4 4 2
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Further remarks about ongoing work:
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